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KA¨HLER METRICS WITH CONSTANT WEIGHTED SCALAR
CURVATURE AND WEIGHTED K-STABILITY
ABDELLAH LAHDILI
Abstract. We introduce a notion of a Ka¨hler metric with constant weighted scalar
curvature on a compact Ka¨hler manifold X, depending on a fixed real torus T in the
reduced group of automorphisms of X, and two smooth (weight) functions v > 0 and
w, defined on the momentum image (with respect to a given Ka¨hler class α on X) of
X in the dual Lie algebra of T. A number of natural problems in Ka¨hler geometry,
such as the existence of extremal Ka¨hler metrics and conformally Ka¨hler, Einstein–
Maxwell metrics, or prescribing the scalar curvature on a compact toric manifold
reduce to the search of Ka¨hler metrics with constant weighted scalar curvature in a
given Ka¨hler class α, for special choices of the weight functions v and w.
We show that a number of known results obstructing the existence of constant
scalar curvature Ka¨hler (cscK) metrics can be extended to the weighted setting.
In particular, we introduce a functional Mv,w on the space of T-invariant Ka¨hler
metrics in α, extending the Mabuchi energy in the cscK case, and show (following
the arguments in [60, 75] in the cscK and extremal cases and [55] in the case of
conformally Ka¨hler Einstein-Maxwell) that if α is Hodge, then constant weighted
scalar curvature metrics in α are minima of Mv,w. Motivated by the recent work
[27, 28, 31, 32] in the cscK and extremal cases, we define a (v,w)-weighted Futaki
invariant of a T-compatible smooth Ka¨hler test configuration associated to (X,α,T),
and show that the boundedness from below of the (v,w)-weighted Mabuchi functional
Mv,w implies a suitable notion of a (v,w)-weighted K-semistability.
We illustrate our theory with specific computations on smooth toric varieties and
on the toric fibre bundles introduced in [5]. As an application, we obtain a Yau–Tian–
Donaldson type correspondence for (v,w)-extremal Ka¨hler classes on P1-bundles over
products of compact Hodge cscK manifolds, thus extending some of the results in [4, 7]
to the (v,w)-weighted setting.
1. Introduction
In this paper, we define a notion of a (weighted) v-scalar curvature Scalv(ω), associ-
ated to a Ka¨hler metric ω on a smooth compact complex manifold X, a real torus T in
the reduced group Autred(X) of automorphisms of X, and a positive smooth function
v(p) defined over the image P ⊂ t∗ of X under the moment map mω : X → t∗ of T
with respect to ω. Here t∗ stands for the dual vector space of the Lie algebra t of T
and p for a point of t∗. Originally, we have identified in [55] Scalv(ω) with a coefficient
in the asymptotic expansion of a certain weighted Bergman kernel associated with a
function v (see Theorem A.1 for a precise statement) reminiscent to the celebrated
results by Catlin [18], Ruan [74], Tian [86] and Zelditch [89] in the case v = 1. Our
main motivation in this paper for introducing and systematically studying the v-scalar
curvature is the observation that the problem of finding a T-invariant Ka¨hler metric ω
in a given Ka¨hler class α on X, for which
(1) Scalv(ω) = cv,w(α)w(mω),
where w(p) is another given smooth function on P and cv,w(α) is a suitable real constant
(depending only on α, P, v and w) englobes a number of problems in Ka¨hler geometry
of current interest, including the following well-studied cases:
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(i) Letting v = w ≡ 1, we obtain the Calabi problem of finding a Ka¨hler metric
of constant scalar curvature (cscK for short) in α;
(ii) Letting T be a maximal torus in Autred(X), v ≡ 1 and w(p) = wext(p) be
a suitable affine-linear function on t∗, the solutions of (1) are the extremal
Ka¨hler metrics in the sense of Calabi [17] in α;
(iii) If X is a Fano manifold equipped with the Ka¨hler class α = 2πc1(X), T a
maximal torus in Autred(X), v(p) = e
〈ξ,p〉 for ξ ∈ t and w = vwext for a
suitable affine-linear function wext, then solutions of (1) are gradiant Ka¨hler-
Ricci solitons on X (see [51]);
(iv) Letting v(p) =
(〈ξ, p〉 + a)−2m+1 and w(p) = (〈ξ, p〉 + a)−2m−1 for ξ ∈ t and
a ∈ R such that 〈ξ, p〉 + a > 0 over P, (1) describes the Ka¨hler metrics in α,
which are conformal to Einstein–Maxwell metrics, see [6, 56, 57];
(v) If α = 2πc1(L) for an ample holomorphic line bundle L over X, v(p) =
(〈ξ, p〉+
a
)−m−1
and w(p) =
(〈ξ, p〉+a)−m−3 for ξ ∈ t and a ∈ R such that 〈ξ, p〉+a > 0
over P, then (1) describes Ka¨hler metrics on X giving rise to extremal Sasaki
metrics on the unit circle bundle associated to L∗, see [3];
(vi) The search for extremal Ka¨hler metrics, or more generally, prescribing the
scalar curvature of a class of Ka¨hler metrics on toric fibre-bundles given by
the generalized Calabi anstaz [5] or on manifolds with free multiplicity [39, 72]
reduces to finding solutions of (1) on the (toric) fibre. In this toric setting (1)
is known as the generalized Abreu equation, see [61, 63].
We shall refer to the solutions of (1) as constant (v,w)-scalar curvature Ka¨hler
metrics (or (v,w)-cscK for short) and our main thesis in this paper is that most of
the known obstructions to the existence of cscK metrics extend naturally to the (v,w)-
cscK case. Indeed, as we show in the Appendices A and B to this paper, some of
our previous results in [54, 55] regarding (iv) and (v) are just special cases of more
general statements concerning (v,w)-cscK metrics, thus providing a more conceptual
explanation for the arguments therein. In particular, there is a natural generalization
Mv,w of the Mabuchi functional (see e.g. [45, 80]) on the space of T-invariant Ka¨hler
metrics in α (which we call the (v,w)-Mabuchi energy and define in Section 5 below)
and we show that the arguments of [55, Thm. 1] (which in turn build on [60, 75]) yield
the following
Theorem 1. Let (X,L) be a compact smooth polarized projective variety, T ⊂ Autred(X)
a real torus, and suppose that X admits a (v,w)-cscK metric ω in α = 2πc1(L) for some
smooth functions v > 0 and w on the momentum image P ⊂ t∗ associated to (T, α).
Then, ω is a global minima of the (v,w)-Mabuchi energy Mv,w of (X,T, α,P, v,w).
Instead of (1), one can more generally consider the condition
(2) Scalv(ω) = w(mω)(m
ξ
ω + c)
for a T-invariant Ka¨hler metric ω in α, where ξ ∈ t, c ∈ R and mξω := 〈mω, ξ〉 is the
Killing potential associated to ξ. A T-invariant Ka¨hler metric satisfying (2) generalizes
the notion of an extremal Ka¨hler metric (see (ii) above), and will be referred to as a
(v,w)-extremal Ka¨hler metric. As it is apparent from the example (ii) above, and as we
establish more generally in Section 3, when w > 0 the smooth function (mξω + c) in the
RHS of (2) must be of the form wext(mω) for an affine-linear function wext(p) = 〈ξ, p〉+c
on t∗ defined in terms of (T, α,P, v,w). Thus, the problem (2) of finding (v,w)-extremal
Ka¨hler metrics in α reduces to the problem (1) of finding (v,wwext)-cscK metrics.
Furthermore, as we show in Lemma 6, the corresponding Mabuchi energy Mv,wwext
coincides with the (v,w)-weighted relative Mabuchi energy (see e.g. [45, 80] for the
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definition of the relative Mabuchi energy in the case v = w = 1 and Definition 7 below
for its definition for general values of v,w), so we obtain as a consequence of Theorem 1
the following
Corollary 1. Let (X,L) be a compact smooth polarized projective variety, T ⊂ Autred(X)
a real torus, and suppose that X admits a (v,w)-extremal metric in α = 2πc1(L) for
some positive smooth functions v,w defined on the momentum image P ⊂ t∗ associ-
ated to (T, α). Then, the relative (v,w)-Mabuchi energy Mrelv,w of (X,T, α,P, v,w) is
bounded from below.
The above corollary provides a scope of extending [7, Thm. 2] to an obstruction to the
existence of (z+a, p)-extremal metrics in the sense of [7], in rational admissible Ka¨hler
classes on admissible projective bundles. We explore this ramification in Theorem 8
below.
With the above in mind, the main goal of this paper is to introduce a suitable notion
of (v,w)-K-stability associated to (X,α,T,P, v,w) as above, extending the correspond-
ing notion in the cscK and the extremal cases, introduced by Tian [81, 84], Donald-
son [36] and Sze´kelyhidi [77], and extensively studied in recent times. Our inspiration
comes mainly from the recent works [28, 27, 31] which, in turn, build on the seminal
work of Tian [84, 85] and a key observation by Wang [87] and Odaka [70, 71] that the
Donaldson–Futaki invariant of a (suitably compactified) test configuration can be real-
ized as an intersection number defined on the total space of the latter. In the cscK case,
it is shown by Dervan–Ross [28, Prop. 2.23] and [31, Prop. 3.12] that in order to test
K-stability (or K-semi-stability) of a compact Ka¨hler manifold, it is sufficient to con-
trol the sign of the Donaldson–Futaki invariant of test configurations which are smooth
and whose central fibre is reduced. This allows one to rewrite the Donaldson–Futaki
invariant as a global differential geometric quantity of the test configuration. This is
precisely the setting in which we introduce the notion of a (v,w)-Futaki invariant of a
smooth Ka¨hler test configuration with reduced central fibre, compatible with (X,α,T),
and show in Theorem 7 that it must be non-negative should the (v,w)-Mabuchi energy
associated to (X,T, α,P, v,w) is bounded from below. This, combined with Theorem 1
and Proposition 2 in Section 6 yields our main result, which establishes one direction
of a Yau–Tian–Donaldson type correspondence for the existence of (v,w)-cscK metrics.
Theorem 2. Let (X,L) be a compact smooth polarized projective variety, T ⊂ Autred(X)
a real torus, and suppose that X admits a (v,w)-cscK metric in α = 2πc1(L). Then
X is (v,w)-K-semistable on smooth, T-compatible Ka¨hler test configuration with re-
duced central fibre associated to (X,α), i.e. the (v,w)-Futaki invariant of any such test
configuration is non-negative.
Several remarks are in order.
As we have already mentioned in the example (i) above, in the case v = w ≡ 1
Theorem 2 follows from the results in [28] and [31] concerning the existence of cscK
metrics in α. Furthermore, as we show in Remark 7 below, taking v = 1 and w = wext
as in the example (ii), our definition of the Futaki invariant F1,wext reduces to the
relative Futaki invariant of a smooth test configuration introduced in [27, 77], so in this
special case Theorem 2 above is established in [27].
A natural question that arises in the case when the test-configuration is a polarized
projective variety is the interpretation of the (v,w)-Futaki invariant in terms of a purely
algebraic invariant defined on the central fibre X0. This was in fact the initial approach
of Tian [84] and Donaldson [36] in the cscK case for defining an invariant of a test
configuration, and a similar definition of a (v,w)-Donaldson–Futaki invariant on X0
has been proposed in [6, 7] (regarding the cases (iv) and (v)). At this point, it is not
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clear whether such an algebraic definition of a (v,w)-Donaldson–Futaki invariant can be
given for any central fibre X0, nor that it would agree with our differential geometric
definition on the total space of a smooth test configuration. In fact, when v and w
are not polynomials, the proposed algebraic definition of a (v,w)-Donaldson–Futaki
invariant of X0 involves transcendental quantities leading to difficulties reminiscent
(but somewhat more complex) to the ones involved in the definition of the Lp-norm
of a test configuration for positive real values of p, see the discussion at the end of
[38]. Nevertheless, we prove that the two approaches give the same invariant in two
special cases: when the test configuration is a smooth submersion (Corollary 4) and
when (X,α,T) is a smooth toric variety, and the test configuration is a toric test
configuration in the sense of [36] (Proposition 4).
Using a blowup technique and the glueing theorem of Arezzo–Pacard–Singer [8],
Stoppa [76] and Stoppa–Sze´kelyhidi [78] have shown that the existence of a cscK or
extremal Ka¨hler metric in 2πc1(L) does actually imply (1,wex)-K-stability relative to
T, i.e. that the corresponding Futaki invariant of a non-product polarized normal test
configuration is strictly positive. Similar results hold true for Ka¨hler test configurations
by [27, 32]. At this point, it is not clear to us whether or not these techniques can be
extended to the (v,w)-case.
Finally, one might hope to extend Theorem 2 beyond the polarized case. Indeed, in
the cscK and extremal cases such extensions have been found in [27, 28, 32] by using
a deep result of Berman–Berndtsson [11] on the convexity and boundedness of the
Mabuchi functional. We expect that along the method of [11] (and using Theorem 5
below) similar properties can possibly be established for the (v,w)-Mabuchi functional,
but the details go beyond the scope of the present article. We however notice that the
arguments in [11] hold true in the case when v ≡ 1 and w is arbitrary, see Theorem 6.
We thus have (by virtue of Theorem 7)
Theorem 3. [11] Let X be a smooth compact Ka¨hler manifold, T ⊂ Autred(X) a
real torus, and suppose that X admits a (1,w)-cscK metric ω in the Ka¨hler class α
for some smooth function w on the momentum image P ⊂ t∗ associated to (T, α).
Then, the (1,w)-Mabuchi energy M1,w of (X,T, α,P,w) is bounded from below, and X
is (1,w)-K-semistable on smooth, T-compatible Ka¨hler test configuration with reduced
central fibre associated to (X,α).
1.1. Outline of the paper. In Section 2 we introduce the weighted v-scalar curvature
of a T-invariant Ka¨hler metric and the constant cv,w(α) in (1), in terms of the data
(α,P, v,w) on (X,T). As our definitions are new, in Section 3 we describe in some more
detail the examples listed in (i)–(vi) above. In Section 4, we generalize the arguments
of Donaldson [33] and Fujiki [41] in the cscK case, and of Apostolov–Maschler [6] in the
conformally Ka¨hler, Einstein–Maxwell case, thus providing a formal GIT interpretation
of the problem of finding solutions of (1) within a given Ka¨hler class α on X. In
Section 5.1 we introduce the (v,w)-Mabuchi energy on (X,α,T) associated to (1). Our
main result here is Theorem 5 which extends the Chen–Tian formula for the Mabuchi
functional to the general (v,w)-case. In Section 5.2, assuming w > 0, we define the
relative (v,w)-Mabuchi energy Mrelv,w associated to the problem (2) and show that it
is given by the (v,wwext)-Mabuchi energy for a suitable affine linear function wext
on t∗. In Section 5.3 we show the boundedness of the (1,w)-Mabuchi energy. In
Section 6 we define the differential-geometric (v,w)-Futaki invariant on (X,α,T) and
show in Proposition 2 that it provides a first obstruction of the existence of a solution
of (1). In the next Section 7 we introduce a global invariant, which we call the (v,w)-
Futaki invariant, on a T-compatible smooth Ka¨hler test configuration associated to
(X,T, α). We observe in Proposition 3, that by an adaptation of the original arguments
WEIGHTED CSCK METRICS AND WEIGHTED K-STABILITY 5
of [30], when the test configuration is a smooth submersion, the corresponding (v,w)-
Futaki invariant agrees with the differential-geometric (v,w)-Futaki invariant of X0.
Our main result here is Theorem 7 which shows how in the case when the central fibre is
reduced the (v,w)-Futaki invariant of a T-compatible smooth Ka¨hler test configuration
associated to (X,T, α) is related to the (v,w)-Mabuchi functional of (X,T, α). It yields
Theorem 2 from the introduction, modulo Theorem 1 which we establish in Appendix A.
The arguments in the proof of Theorem 7 go back to the foundational works [30, 84] and
are very close to the ones in [28, 31]. In Section 8, we discuss the alternative approach
to defining a Futaki invariant of a T-compatible polarized test configuration in terms
of algebraic constructions on the central fibre X0, as suggested in [6, 7]. In the case
when the test configuration is a smooth submersion, by using the asymptotic expension
of the (v,w)-equivariant Bergman kernel, we show in Corollary 4 that two approaches
produce the same invariant. Similar result is established in Proposition 4 in the case
when (X,α,T) is a smooth toric variety and we consider toric test configurations in
the sense of [36]. In Section 10, we consider the case when (X,α,T) is a toric fiber-
bundle over the product of cscK smooth projective manifolds, given by the generalized
Calabi construction of [5]. We compute the (v,w)-Futaki invariant of certain test
configurations of (X,α,T), defined in terms of the toric geometry of the fiber. As an
application of our theory, in the case when X is a P1-bundle over a product of cscK
smooth projective manifolds we derive a Yau-Tian-Donaldson type correspondence for
(v,w)-extremal Ka¨hler classes in terms of the positivity of a single function of one
variable over the interval (−1, 1). In the Appendices A and B, we extend some of our
previous results obtained for special values of v and w to the general case, including
the proof of Theorem 1 from the introduction, a structure result for the automorphism
group of a (v,w)-extremal metric with w > 0, as well as a stability under deformation
of v,w and α of the solution of (2) (again assuming w > 0).
Acknowledgement
I would like to thank my supervisor V. Apostolov for his guidance and constant
help. I am grateful to E. Legendre for bringing to my attention the work [69], and
to G. Tian and X. Zhu for their interest and comments. Finally, I want to thank
the referee for his/her careful reading of the manuscript and suggesting improvements,
especially regarding the material in Section 8.
2. The v-scalar curvature
Let X be a compact Ka¨hler manifold of complex dimension n ≥ 2. We denote by
Autred(X) the reduced automorphism group of X whose Lie algebra hred is given by
real holomorphic vector fields with zeros (see [45]). Let T be an ℓ-dimentional real torus
in Autred(X) with Lie algebra t, and ω a T-invariant Ka¨hler form on X. We denote by
KTω the space of T-invariant Ka¨hler potentials with respect to ω, and for any φ ∈ KTω,
by ωφ = ω+dd
cφ the corresponding Ka¨hler form in the Ka¨hler class α. It is well-known
that the T-action on X is ωφ-Hamiltonian (see [45]) and we choose mφ : X → t∗ to
be a ωφ-momentum map of T. It is also known [9, 48] that Pφ := mφ(X) is a convex
polytope in t∗. Furthermore, the following is true
Lemma 1. The following facts are equivalent:
(i) For any φ ∈ KTω we have Pφ = Pω.
(ii) For any φ ∈ KTω we have
∫
X
mφω
[n]
φ =
∫
X
mωω
[n], where ω
[n]
φ :=
ωn
φ
n! is the
volume form.
(iii) For any ξ ∈ t and φ ∈ KTω we have mξφ = mξω + dcφ(ξ), where mξφ := 〈mφ, ξ〉.
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Proof. Presumably, Lemma 1 is well-known, see e.g. [8, Section 4] and [79, Section 3.1]
for the case of a single hamiltonian. We include an argument for the sake of complete-
ness. We start by proving that (ii) is equivalent with (iii). By the very definition of
the momentum map, Cartan’s formula and the fact that ξ is a real holomorphic vector
field we have
(3) d(mξω −mξφ) = −d(dcφ(ξ)).
Thus, there exist a αφ ∈ t∗ such that
(4) mξφ = m
ξ
ω + d
cφ(ξ) + αφ(ξ).
Suppose that (ii) holds. Then αφ is given by
αφ(ξ) =
1
Vol(X,α)
(∫
X
mξωω
[n] −
∫
X
(mξω + d
cφ(ξ))ω
[n]
φ
)
.
For a variation φ˙ of φ in KTω, the corresponding variation of αφ is given by
−Vol(X,α)α˙φ(ξ) =
∫
X
mξωdd
cφ˙ ∧ ω[n−1]φ +
∫
X
dcφ˙(ξ)ω
[n]
φ +
∫
X
dcφ(ξ)ddcφ˙ ∧ ω[n−1]φ
=
∫
X
dcφ(ξ)ddcφ˙ ∧ ω[n−1]φ +
∫
X
dmξφ ∧ dcφ˙ ∧ ω[n−1]φ
+
∫
X
(−dmξφ + d(dcφ(ξ))) ∧ dcφ˙ ∧ ω[n−1]φ
=
∫
X
d(dcφ(ξ)) ∧ dcφ˙ ∧ ω[n−1]φ +
∫
X
dcφ(ξ)ddcφ˙ ∧ ω[n−1]φ = 0,
where we have used (3), the fact that dcφ˙(ξ)ω
[n]
φ = dm
ξ
φ∧dcφ˙∧ω[n−1]φ , and integration by
parts. It follows that αφ = αω = 0 which gives the implication “(ii)⇒(iii)”. Conversely
if we suppose that (iii) holds, then for any variation ω˙ = ddcφ˙ of ωφ in KTω, we get
d
dt
∫
X
mξφtω
[n]
φt
=
∫
X
−mξφtddcφ˙ ∧ ω
[n−1]
φt
+ dcφ˙(ξ)ω
[n]
φt
= 0.
It follows that
∫
X
mξφω
[n]
φ =
∫
X
mξωω[n] for any ξ ∈ t, which yields (ii) .
Now we prove the equivalence between (i) and (iii). Suppose that (i) is true and let
x ∈ X be a fixed point for the T-action on X. Then we have
(5) mφ(x)−mω(x) = (dcφ)x + αφ = αφ.
By a result of Atiyah and Guillemin–Sternberg (see [9, 48]) Pφ (resp. Pω) is the convex
hull of the image by mφ (resp. mω) of the fixed points for the T-action. It then follows
from (5) that Pφ = Pω +αφ. Using Pω = Pφ, we get αφ = 0 which proves (iii). For the
inverse implication if mφ(x)−mω(x) = (dcφ)x for any x ∈ X, then mφ(x) = mω(x) for
any point x ∈ X fixed by the T-action and we have Pφ = Pω by [9, 48]. 
It follows from Lemma 1 that for each φ ∈ KTω we can normalize mφ such that the
momentum polytope P = mφ(X) ⊂ t∗ is φ-independent.
Definition 1. For v ∈ C∞(P,R>0) we define the v-scalar curvature of the Ka¨hler
metric gφ = ωφ(·, J ·) for φ ∈ KTω to be
(6) Scalv(φ) := v(mφ)Scal(gφ) + 2∆φ(v(mφ)) + Tr(Gφ ◦ (Hess(v) ◦mφ)),
wheremφ is the momentum map of ωφ normalized as in Lemma 1, Scal(gφ) is the scalar
curvature, ∆φ is the Riemannian Laplacian on functions of the Ka¨hler metric ωφ and
Hess(v) is the hessian of v, viewed as bilinear form on t∗ whereas Gφ is the bilinear
form with smooth coefficients on t, given by the restriction of the Riemannian metric
gφ on fundamental vector fields.
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In a basis ξ = (ξi)i=1,··· ,ℓ of t we have
Tr(Gφ ◦ (Hess(v) ◦mφ)) :=
∑
1≤i,j≤ℓ
v,ij(mφ)gφ(ξi, ξj),
where v,ij stands for the partial derivatives of v with respect the dual basis of ξ.
Definition 2. Let θ be a T-invariant closed (1, 1)-form on X. A θ-momentum map for
the action of T on X is a smooth T-invariant function mθ : X → t∗ with the property
θ(ξ, ·) = −dmξθ for all ξ ∈ t.
Lemma 2. Let θ be a fixed T-invariant closed (1, 1)-form and mθ a momentum map
for θ. Then with the normalization for mφ given by Lemma 1, the following integrals
are independent of the choice of φ ∈ KTω,
Av(φ) :=
∫
X
v(mφ)ω
[n]
φ ,
Bθv(φ) :=
∫
X
v(mφ)θ ∧ ω[n−1]φ + 〈(dv)(mφ),mθ〉ω[n]φ ,
Cv(φ) :=
∫
X
Scalv(φ)ω
[n]
φ .
Proof. The fact that Av(φ) is constant is well known, see e.g. [27, Theorem 3.14].
The constancy of Bθv(φ) can be easily established by a direct computation, but it also
follows from the arguments in the proof of Lemma 4 below. Indeed, we note that
Bθv(φ) = (Bθv)φ(1) where Bθv is the 1-form on KTω given by (17). By taking φ˙ = 1 in (18)
we get (δBθv)φ(ψ˙) = 0 where ψ˙ is a T-invariant function on X defining a T-invariant
variation ω˙ = ddcψ˙ of ωφ. From this we infer that B
θ
v(φ) is constant. For the last
function Cv(φ), we will calculate its variation (δCv)φ(φ˙) with respect to a T-invariant
variation ω˙ = ddcφ˙ of ωφ. For this, we use that the variation of Scalv(φ) is given by
(7) (δScalv)φ(φ˙) = −2(D−d)∗v(mφ)(D−d)φ˙+ (dScalv(φ), dφ˙)φ,
where D is the Levi-Civita connection of ωφ, D
−d denotes the (2, 0) + (0, 2) part of
Dd with respect to J and (D−d)∗ is the formal adjoint operator of (D−d) (see [45,
Section 1.23]). Formula (7) will be established in the Appendix B, see (92). By (7), we
calculate
(δCv)φ(φ˙) =
∫
X
−2(D−d)∗v(mφ)(D−d)(φ˙)ω[n]φ +
∫
X
dScalv(φ) ∧ dcφ˙ ∧ ω[n−1]φ
−
∫
X
Scalv(φ)dd
cφ˙ ∧ ω[n−1]φ .
Integration by parts yields (δCv)φ = 0. Thus Cv does not depend on the choice of
φ ∈ KTω. 
Definition 3. Let (X,α) be a compact Ka¨hler manifold, T ⊂ Autred(X) a real torus
with momentum image P ⊂ t∗ associated to α as in Lemma 1, and v ∈ C∞(P,R>0),
w ∈ C∞(P,R). The (v,w)-slope of (X,α) is the constant given by
(8) c(v,w)(α) :=

∫
X
Scalv(ω)ω[n]∫
X
w(mω)ω[n]
, if
∫
X
w(mω)ω
[n] 6= 0
1, if
∫
X
w(mω)ω
[n] = 0,
which is independent from the choice of ω ∈ α by virtue of Lemma 2.
Remark 1. If φ ∈ KTω defines a Ka¨hler metric which satisfies Scalv(φ) = cw(mφ) for
some real constant c and
∫
X
w(mω)ω
[n] 6= 0, then we must have c = c(v,w)(α) with
cv,w(α) given by (8).
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Because of Remark 1 above, and to simplify the notation in the case when
∫
X
w(mω)ω
[n] =
0, we adopt the following definition
Definition 4. Let (X,α) be a compact Ka¨hler manifold, T ⊂ Autred(X) a real torus
with momentum image P ⊂ t∗ associated to α as in Lemma 1, and v ∈ C∞(P,R>0),
w ∈ C∞(P,R). A (v,w)-cscK metric ω ∈ α is a T-invariant Ka¨hler metric satisfying
(1), where cv,w(α) is given by (8)
3. Examples
We list below some geometrically significant examples of (v,w)-cscK metrics, ob-
tained for special values of the weight functions v,w.
3.1. Constant scalar curvature and extremal Ka¨hler metrics. When v ≡ 1,
Scalv(φ) = Scal(φ) is the usual scalar curvature of the Ka¨hler metric ωφ ∈ KTω, so
letting w ≡ 1 the problem (1) reduces to the Calabi problem of finding a cscK metric in
the Ka¨hler class α = [ω]. In this case, we can take T ⊂ Autred(X) to be a maximal torus
by a result of Calabi [17]. More generally, for a fixed maximal torus T ⊂ Autred(X) we
can consider the more general problem of the existence of an extremal Ka¨hler metric
in KTω, i.e. a Ka¨hler metric ωφ such that Scal(φ) is a Killing potential for ωφ. As the
Killing vector field ξext generated by Scal(φ) is T-invariant, it belongs to the Lie algebra
t of T (by the maximality of T). More generally, Futaki–Mabuchi [42] observed that
for any φ ∈ KTω, the L2 projection ˇScal(φ) (with respect to the global inner product on
smooth functions defined by ωφ) of Scal(φ) to the sub-space {mξφ+ c, c ∈ R} of Killing
potentials for ξ ∈ t defines a φ-independent element ξext ∈ t, i.e. ˇScal(φ) = mξextφ + cφ.
The vector field ξext is called the extremal vector field of (X,α,T). Furthermore, using
the normalization for the moment map mφ in Lemma 1, we see that
4πc1(X) ∪ α[n−1] =
∫
X
Scal(φ)ω
[n]
φ =
∫
X
ˇScal(φ)ω
[n]
φ
=
∫
X
mξextφ ω
[n]
φ + cφVol(X,α),
showing that the real constant cext = cφ is independent of ωφ too. Thus, there exists
an affine-linear function wext(p) = 〈ξext, p〉+cext on t∗, such that ωφ ∈ KTω is extremal if
and only if Scalv(φ) = wext(mφ) i.e. if and only if ωφ is (1,wext)-cscK (as c1,wext(α) = 1
by definition of wext).
3.2. (v,w)-extremal Ka¨hler metrics. As mentioned in the Introduction (and mo-
tivated by the previous example) one can consider instead of (1) the more general
problem (2) of finding a (v,w)-extremal Ka¨hler metric ωφ for φ ∈ KTω. It turns out that
if w(p) > 0 on P, similarly to the previous example, one can reduce the problem (2) to
the problem (1) with the same v but a different w. This essentially follows from Theo-
rem 4 below, which implies that for any T-invariant, ω-compatible Ka¨hler metric g, the
orthogonal projection of Scalv(g)/w(mω) to the space of affine-linear functions in mo-
menta with respect to the w-weighted global inner product (13) is independent of g. Us-
ing the T-equivariant Moser lemma for a Ka¨hler metric ωφ ∈ KTω and the normalization
for mφ given by Lemma 1, one can conclude as in the proof [6, Cor. 2] that there exist a
φ-independent affine-linear function wext(p) such thatm
ξ
φ+c = wext(mφ) for any metric
in KTω satisfying (2). In other words, if φ ∈ KTω is (v,w)-extremal then ω is (v,wwext)-
cscK. Conversely if ωφ is (v,wwext)-cscK, then Scalv(ωφ) = cv,wwext(α)w(mφ)wext(mφ)
where cv,wwext(α) is given by (8). We claim that cw,wwext(α) = 1, which in turn implies
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that ωφ is (v,w)-extremal. Indeed, if
∫
X
w(mφ)wext(mφ)ω
[n]
φ = 0, then cv,wwext(α) = 1
by Definition 3. Otherwise, if
∫
X
w(mφ)wext(mφ)ω
[n]
φ 6= 0, we get
cv,wwext(α)
∫
X
w(mφ)wext(mφ)ω
[n]
φ =
∫
X
(Scalv(φ)/w(mφ))w(mφ)ω
[n]
φ
=
∫
X
wext(mφ)w(mφ)ω
[n]
φ ,
showing again that cv,wwext(α) = 1.
3.3. The Ka¨hler-Ricci solitons. This is the case when X is a smooth Fano mani-
fold, α = 2πc1(X) corresponds to the anti-canonical polarization, T ⊂ Autred(X) is a
maximal torus with momentum image P, and v(p) = w(p) = e〈ξ,p〉 for some ξ ∈ t. It
was shown recently in [51] that a solutions of (1) with wext(p) = 2(〈ξ, p〉+ c) (for some
real constant c) corresponds to a Ka¨hler metric ω ∈ α which is a gradient Ka¨hler–Ricci
soliton with respect to ξ, i.e. satisfies
(9) Ric(ω)− ω = −1
2
LJξω,
where Ric(ω) is the Ricci form of ω. Thus, the theory of gradient Ka¨hler-Ricci solitons
(see e.g. [12, 16, 82, 83]) fits in to our setting too. Further ramifications of this setting
appear in [52].
3.4. Ka¨hler metrics conformal to Einstein–Maxwell metrics. This class of Ka¨hler
metrics was first introduced in [56] and more recently studied in [6, 7, 43, 44, 53, 54,
55, 57, 58]. These are (v,w)-cscK metrics with
v(p) = (〈ξ, p〉+ a)−2m+1 and w(p) = (〈ξ, p〉+ a)−2m−1,
where 〈ξ, p〉 + a is positive affine-linear function on P. In this case, Scalv(φ)/w(mφ)
equals to the usual scalar curvature of the Hermitian metric g˜φ =
1
(mξ
φ
+a)2
gφ. Thus, a
(v,w)-cscK metric ωφ gives rise to a conformally Ka¨hler, Hermitian metric g˜φ which
has Hermitian Ricci tensor and constant scalar curvature. The latter include the con-
formally Ka¨hler, Einstein metrics classified in [23, 26]. In real dimension 4, conformally
Ka¨hler, Einstein–Maxwell metrics give rise to analogues, in riemannian signature, of
the Einstein–Maxwell field equations with a cosmological constant in general relativity.
3.5. Extremal Sasaki metrics. Following [3], let (X,L) be a smooth compact po-
larized variety and α = 2πc1(L) the corresponding Ka¨hler class. Recall that for any
Ka¨hler metric ω ∈ α, there exits a unique Hermitian metric h on L, whose curvature
is ω. We denote by h∗ the induced Hermitian metric on the dual line bundle L∗. It is
well-known (see e.g. [15]) that the principal circle bundle π : S → X of vectors of unit
norm of (L∗, h∗) has the structure of a Sasaki manifold, i.e. there exists a contact 1-
form θ on S with dθ = π∗ω, defining a contact distribution D ⊂ TS and a Reeb vector
field χ given by the generator of the S1-action on the fibres of S, and a CR-structure J
on D induced from the complex structure of L∗. The Sasaki structure (θ, χ,D, J) on
S in turn defines a transversal Ka¨hler structure (gχ, ωχ) on D by letting ωχ = (dθ)D
and gχ = −(dθ)D ◦ J, where the subscript D denotes restriction to D ⊂ TS; it is a
well-known fact that (gχ, ωχ) coincides with the restriction to D of the pull-back of the
Ka¨hler structure (g, ω) on X or, equivalently, that (gχ, ωχ) induces the initial Ka¨hler
structures (g, ω) on the orbit space X = S/S1χ for the S
1-action S1χ generated by χ.
Let T ⊂ Autred(X) be a maximal torus, with a fixed momentum polytope P ⊂ t∗
associated to the Ka¨hler class α as in Lemma 1. We suppose that ω is a T-invariant
Ka¨hler metric in α. For any positive affine-linear function 〈ξ, p〉+ a on P, we consider
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the corresponding Killing potential f = mξω+a of ω and define the lift ξf of the Killing
vector field ξ ∈ t on X to S by
ξf = ξ
D + (π∗f)χ,
where the super-scrip D stands for the horizontal lift. It is easily checked that ξf
preserves the contact distribution D and the CR-structure J , and defines a new Sasaki
structure ((π∗f)−1θ, ξf ,D, J) on S. In general, the flow of ξf is not periodic, and the
orbit space of ξf is not Hausdorff, but when it is, Xf := S/S
1
ξf
is a compact complex
orbifold endowed with a Ka¨hler structure (gf , ωf ). In [3], the triple (Xf , gf , ωf ) is
referred to as a CR f -twist of (X,ω, g) and it is shown there that (Xf , gf , ωf ) is an
extremal Ka¨hler manifold or orbifold in the sense of Sect. 3.1 iff (X,ω, g) is (v,w)-
extremal in the sense of Sect. 3.2 with
(10) v(p) = (〈ξ, p〉+ a)−m−1 and w(p) = (〈ξ, p〉+ a)−m−3.
3.6. The generalized Calabi construction and manifolds without multiplici-
ties. In [5] the authors consider smooth compact manifolds X, which are fibre-bundles
over the product of cscK Hodge manifolds (B,ωB) = (B1, ω1)×· · ·×(BN , ωN ) with fibre
a smooth ℓ-dimensional compact toric Ka¨hler manifold (V, ωV ,T). More precisely, X is
a V -fibre bundle associated to a certain principle T-bundle over B. They introduce a
class of T-invariant Ka¨hler metrics on X, compatible with the bundle structure, which
are parametrized by ωV -compatible toric Ka¨hler metrics on V , and refer to them as
Ka¨hler metrics given by the generalized Calabi construction. The condition for the met-
ric ω on X to be extremal is computed in [5] and can be re-written in our formulation
as (see (74) below)
(11) Scalv(gV ) = w(m),
where gV is the corresponding toric Ka¨hler metric on (V, ωV ), with
v(p) =
N∏
j=1
(〈ξj , p〉+ cj)dj ,
w(p) = (〈ξ0, p〉+ c0)
N∏
j=1
(〈ξj , p〉+ cj)dj −
N∑
j=1
Scalj
(∏N
k=1(〈ξk, p〉+ ck)dj
(〈ξj , p〉+ cj)
)
,
(12)
in the above expressions, m : V → t∗ stands for the momentum map of (V, ωV ,T), dj
and Scalj denote the complex dimension and (constant) scalar curvature of (Bj , ωj),
respectively, whereas the affine-linear functions (〈ξk, p〉 + ck), k = 1, · · · , N on t∗ are
determined by the topology and the Ka¨hler class α = [ω] ofX, and satisfy (〈ξj , p〉+cj) >
0 for j = 1, · · · , N on the Delzant polytope P = m(V ). Thus, a Ka¨hler metric ω on X
given by the generalized Calabi ansatz is extremal if and only if the corresponding toric
Ka¨hler metric gV on V is (v,w)-extremal for the values of v,w given in (12). More
generally, considering an arbitrary weight function w in (11) allows one to prescribe
the scalar curvature of the Ka¨hler metrics given by the geberalized Calabi construction
on X. We note that a very similar equation for a toric Ka¨hler metric on V appears in
the construction of Ka¨hler manifolds without multiplicities, see [39, 72]. We refer the
Reader to [61, 62, 63] for a comprehensive study of the equation (11) on a toric variety,
for arbitrary weight functions v(p) > 0 and w(p), which is referred to as the generalized
Abreu equation.
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4. A formal momentum map picture
In this section we extend the momentum map interpretation, originally introduced
Donaldson [33] and Fujiki [41] in the cscK case and generalized by Apostolov–Maschler
[6] to the case (iv) from the Introduction, to arbitrary positive weights v,w on P.
In the notation of Section 2, let ACTω be the space of all ω-compatible, T-invariant
almost complex structures on (X,ω) and CTω ⊂ ACTω the subspace of T-invariant Ka¨hler
structures. We consider the natural action on ACTω of the infinite dimensional group
HamT(X,ω) of T-equivariant Hamiltonian transformations of (X,ω), which preserves
CTω . We identify Lie
(
HamT(X,ω)
) ∼= C∞(X,R)T/R where C∞(X,R)T/R is endowed
with the Poisson bracket.
For any v ∈ C∞(P,R>0), the space ACTω carries a weighted formal Ka¨hler structure
(J,Ωv) given by ([6, 33, 41])
ΩvJ(J˙1, J˙2) :=
1
2
∫
X
Tr(JJ˙1J˙2)v(mω)ω
[n],
JJ(J˙) :=JJ˙,
in which the tangent space of ACTω at J is identified with the space of smooth T-invariant
sections J˙ of End(TX) satisfying
J˙J + JJ˙ = 0, ω(J˙ ·, ·) + ω(·, J˙ ·) = 0.
In what follows, we denote by gJ := ω(·, J ·) the almost Ka¨hler metric corresponding to
J ∈ ACTω, and index all objects calculated with respect to J similarly. On C∞(X,R)T,
for w ∈ C∞(P,R>0), we consider the scalar product given by,
(13) 〈φ,ψ〉w :=
∫
X
φψw(mω)ω
[n],
Theorem 4. [6, 33, 41] The action of HamT(X,ω) on
(ACTω,J,Ωv) is Hamiltonian
whose momentum map at J ∈ CTω is the 〈., .〉w-dual of
(
Scalv(J)
w(mω)
− cv,w([ω])
)
, where
Scalv(J) is the v-scalar curvature of gJ given by (6) and the real constant cv,w([ω]) is
given by (8).
Proof. The proof follows from the computation of [6, Theorem 1] and [45, Section 9.6]
and will be left to the reader. 
5. A variational setting
5.1. The (v,w)-Mabuchi energy. In this section we suppose that v ∈ C∞(P,R>0)
and w ∈ C∞(P,R) is an arbitrary smooth function. We consider KTω as a Fre´chet space
with tangent space TφKTω = C∞(X,R)T the space of T-invariant smooth functions φ˙ on
X.
Definition 5. The (v,w)-Mabuchi energy Mv,w : KTω → R is defined by
(14)
(dMv,w)φ(φ˙) = −
∫
X
φ˙
(
Scalv(φ)− c(v,w)(α)w(mφ)
)
ω
[n]
φ ,
Mv,w(0) = 0,
for all φ˙ ∈ TφKTω, where c(v,w)(α) is the constant given by (8).
Remark 2. The critical points ofMv,w are precisely the T-invariant Ka¨hler potentials
φ ∈ KTω such that ωφ is a solution to the equation (1).
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We will show that the (v,w)-Mabuchi energy is well-defined by establishing in The-
orem 5 below an analogue of the Chen-Tian formula (see [21, 81]). We start with few
lemmas.
Lemma 3. The functional Ew : KTω → R given by
(15)
(dEw)φ (φ˙) =
∫
X
φ˙w(mφ)ω
[n]
φ ,
Ew(0) = 0,
for any φ˙ ∈ TφKTω is well-defined.
Proof. See [12, Lemma 2.14]. 
Lemma 4. Let θ be a fixed T-invariant closed (1, 1)-form and mθ : X → t∗ a momen-
tum map with respect to θ, see Definition 2. Then the functional Eθv : KTω → R given
by
(16)
(dEθv )φ(φ˙) =
∫
X
φ˙
[
v(mφ)θ ∧ ω[n−1]φ + 〈(dv)(mφ),mθ〉ω[n]φ
]
,
Eθv(0) = 0,
for any φ˙ ∈ TφKTω is well-defined.
Proof. As the Freche´t space KTω is contractible, we have to show that the 1-form on KTω
(17) (Bv)φ(φ˙) :=
∫
X
φ˙
[
v(mφ)θ ∧ ω[n−1]φ + 〈(dv)(mφ),mθ〉ω[n]φ
]
,
is closed. For φ˙, ψ˙ ∈ TφKTω we compute
(δBv(φ˙))φ(ψ˙) =
∫
X
φ˙(d(v(mφ)), dψ˙)φθ ∧ ω[n−1]φ +
∫
X
φ˙v(mφ)θ ∧ ddcψ˙ ∧ ω[n−2]φ
+
∫
X
ℓ∑
j=1
φ˙m
ξj
θ d(v,j(mφ)) ∧ dcψ˙ ∧ ω
[n−1]
φ −
∫
X
ℓ∑
j=1
φ˙v,j(mφ)m
ξj
θ dd
cψ˙ ∧ ω[n−1]φ
=
∫
X
φ˙(d(v(mφ)), dψ˙)φθ ∧ ω[n−1]φ +
∫
X
φ˙v(mφ)θ ∧ ddcψ˙ ∧ ω[n−2]φ
−
∫
X
ℓ∑
j=1
φ˙v,j(mφ)(dm
ξj
θ , dψ˙)φω
[n]
φ −
∫
X
(dφ˙, dψ˙)φ〈(dv)(mφ),mθ〉ω[n]φ ,
where ξ := (ξj)j=1,··· ,ℓ is a basis of t. Integrating by parts, we obtain∫
X
φ˙v(mφ)θ ∧ ddcψ˙ ∧ ω[n−2]φ
=−
∫
X
v(mφ)θ ∧ dφ˙ ∧ dcψ˙ ∧ ω[n−2]φ −
∫
X
φ˙θ ∧ d(v(mφ)) ∧ dcψ˙ ∧ ω[n−2]φ
=−
∫
X
(dφ˙, dψ˙)φv(mφ)θ ∧ ω[n−1]φ +
∫
X
(θ, dφ˙ ∧ dcψ˙)φv(mφ)ω[n]φ
−
∫
X
φ˙(d(v(mφ)), dψ˙)φθ ∧ ω[n−1]φ −
∫
X
ℓ∑
j=1
φ˙v,j(mφ)(dm
ξj
θ , dψ˙)φω
[n]
φ ,
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where we used that
θ ∧ d(v(mφ)) ∧ dcψ˙ ∧ ω[n−2]φ
=(d(v(mφ)), dψ˙)φθ ∧ ω[n−1]φ − (θ, d(v(mφ)) ∧ dcψ˙)φω[n]φ
=(d(v(mφ)), dψ˙)φθ ∧ ω[n−1]φ −
ℓ∑
j=1
v,j(mφ)(θ, dm
ξj
φ ∧ dcψ˙)φω
[n]
φ
=(d(v(mφ)), dψ˙)φθ ∧ ω[n−1]φ −
ℓ∑
j=1
v,j(mφ)(dm
ξj
θ , dψ˙)φω
[n]
φ .
showing that
(δBv(φ˙))φ(ψ˙) =−
∫
X
v(mφ)(dφ˙, dψ˙)φθ ∧ ω[n−1]φ
−
∫
X
(dφ˙, dψ˙)φ〈(dv)(mφ),mθ〉ω[n]φ
+
∫
X
(θ, dφ˙ ∧ dcψ˙)φv(mφ)ω[n]φ ,
(18)
so that
(dBv)φ(φ˙, ψ˙) = (δBv(φ˙))φ(ψ˙) − (δBv(ψ˙))φ(φ˙) = 0.
Thus, Bv is closed and therefore Eθv : KTω → R is well-defined. 
Definition 6. We let
Hv(φ) :=
∫
X
log
(
ωnφ
ωn
)
v(mφ)ω
[n]
φ
be the v-entropy functional Hv : KTω → R.
Remark 3. If µ˜ is an absolutely continuous measure with respect to µω := ω
[n], then
the entropy of µ˜ relatively to µ is defined by,
Entµω (µ˜) :=
∫
X
log
(
dµ˜
dµω
)
dµ˜.
The entropy is convex on the space of finite measures µ˜ endowed with its natural affine
structure. In the case when v ∈ C∞(P,R>0), the v-entropy functional in Definition 6
is given by
Hv(φ) = Entµ
(
v(mφ)ω
[n]
φ
)
+ c(α, v)
for all φ ∈ KTω, where c(α, v) =
∫
X
(v log ◦v)(mφ)ω[n]φ is a constant depending only on
(α, v) (see Lemma 2).
Lemma 5. (i) For any T-invariant Ka¨hler form ω on X, we have
Ric(ω)(ξ, ·) = −1
2
d〈∆ω(mω), ξ〉.
(ii) For any φ ∈ KTω and ξ ∈ t, we have
Ric(ωφ) =Ric(ω)− 1
2
ddcΨφ,
mξRic(ωφ) =m
ξ
Ric(ω) −
1
2
(
dcΨφ
)
(ξ),
where mRic(ω) :=
1
2∆ω(mω) is the Ric(ω)-momentum map of the action of T
on X and Ψφ = log
(
ωn
φ
ωn
)
.
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Proof. We give a simple argument for the sake of exposition. The statement (i) is well
known (see e.g. [45, Remark 8.8.2] and [79, Lemma 28]). For the statement (ii), let
φ ∈ KTω and ξ ∈ t. Using that LJξωφ = −ddcmξφ we obtain
LJξω[n]φ = ∆φ(mξφ)ω[n]φ .
It follows that
−1
2
(dcΨφ)(ξ) =
1
2
LJξΨφ = 1
2
LJξω[n]φ
ω
[n]
φ
− 1
2
LJξω[n]
ω[n]
= mξRic(ωφ) −m
ξ
Ric(ω).

We now extend a formula obtained in the case v = w = 1 by Chen-Tian (see [21, 81])
to general values of v and w.
Theorem 5. We have the following expression for the (v,w)-Mabuchi energy,
(19) Mv,w = Hv − 2ERic(ω)v + c(v,w)(α)Ew.
Proof. We compute
(dHv)φ(φ˙) =−
∫
X
φ˙∆φ(v(mφ))ω
[n]
φ −
∫
X
(dΨφ, dφ˙)φv(mφ)ω
[n]
φ
=−
∫
X
ℓ∑
j=1
φ˙v,j(mφ)∆φ(m
ξj
φ )ω
[n] +
∫
X
ℓ∑
i,j=1
φ˙v,ij(mφ)(ξi, ξj)φω
[n]
φ
+
∫
X
ℓ∑
j=1
φ˙(dΨφ, dm
ξj
φ )φv,j(mφ)ω
[n]
φ −
∫
X
φ˙∆φ(Ψφ)v(mφ)ω
[n]
φ ,
where ξ := (ξj)j=1,··· ,ℓ is a basis for t. Using Lemma 5 and the fact that
∆φ (Ψφ) = −ΛωφddcΨφ = 2Λωφ(Ric(ωφ)− Ric(ω)) = Scalφ − 2ΛωφRic(ω),
we get
(dHv)φ(φ˙) =−
∫
X
φ˙
ℓ∑
j=1
v,j(mφ)∆φ(m
ξj
φ )ω
[n] +
∫
X
ℓ∑
i,j=1
φ˙v,ij(mφ)(ξi, ξj)φω
[n]
φ
+
∫
X
ℓ∑
j=1
φ˙
(
∆ω(m
ξj
ω )−∆φ(mξjφ )
)
v,j(mφ)ω
[n]
φ
−
∫
X
φ˙
(
Scalφ − 2ΛωφRic(ω)
)
v(mφ)ω
[n]
φ .
It follows that
d(Hv − 2ERic(ω)v )φ(φ˙) = −
∫
X
φ˙Scalv(φ)ω
[n]
φ ,(20)
which yields (19) via (20) and (15). 
By the work of Mabuchi [67, 68], the space of T-invariant Ka¨hler potentials KTω is an
infinite dimensional riemannian manifold with a natural riemannian metric, called the
Mabuchi metric, defined by
〈φ˙1, φ˙2〉φ =
∫
X
φ˙1φ˙2ω
[n]
φ ,
for any φ˙1, φ˙2 ∈ TφKTω. The equation of a geodesic (φt)t∈[0,1] ∈ KTω connecting two
points φ0, φ1 ∈ KTω is given by
φ¨t = |dφ˙t|2φt .
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Proposition 1 ([34, 46]). Let X be a compact Ka¨hler manifold with a fixed Ka¨hler
class α, T ⊂ Autred(X) a real torus and suppose that ω ∈ α is a (v,w)-cscK metric
for smooth functions v ∈ C∞(P,R>0), w ∈ C∞(P,R) on the momentum image P ⊂ t∗
associated to (T, α). Then for any (v,w)-cscK metric ωφ ∈ α connected to ω by a
geodesic segment in KTω, there exists Φ ∈ Autred(X) commuting with the action of T,
such that ωφ = Φ
∗ω.
Proof. By a straightforward calculation using the formula (92) in the Appendix B, we
obtain the following expression for the second variation of the (v,w)-Mabuchi energy
along a T-invariant segment of Ka¨hler potentials (φt)t∈[0,1] ∈ KTω:
d2Mv,w(φt)
dt2
=2
∫
X
|D−dφ˙t|2φtv(mφt)ω
[n]
φt
−
∫
X
(
φ¨t − |dφ˙t|2φt
)
(Scalv(φt)− w(mφt))ω[n]φt .
(21)
Suppose now that ωφ, φ ∈ KTω is a (v,w)-cscK metric connected to ω by a smooth
geodesic (φt)t∈[0,1], such that φ0 = 0 and φ1 = φ. Then
dMv,w(φt)
dt
∣∣∣
t=0
=
dMv,w(φt)
dt
∣∣∣
t=1
=
0, and using (21) we obtain
d2Mv,w(φt)
dt2
= 2
∫
X
|D−dφ˙t|2φtv(mφt)ω
[n]
φt
≥ 0.
It follows that
d2Mv,w(φt)
dt2
≡ 0 and D−dφ˙t ≡ 0. Thus, we have a family of real holomor-
phic vector vector fields Vt := −gradgt φ˙t, t ∈ [0, 1]. By [45, Proposition 4.6.3], Vt = V0
for all t, and ωφ =
(
ΦV01
)∗
ω where ΦV0t ∈ Autred(X) is the flow of the real holomorphic
vector field V0. 
Remark 4. In general, the space KTω is not geodesically connected by smooth geodesics
(see [24, Theorem 1.2]). However, by a result of Chen [20], the space KTω is geodesically
connected by T-invariant weak C1,1-geodesics, i.e. in the space
(K1,1ω )T of T-invariant
real valued functions φ such that ω+ddcφ is a positive current with bounded coefficients.
Using the formula mφ = mω + d
cφ and Theorem 5, one can extend the (v,w)-Mabuchi
energy to a functional Mv,w :
(K1,1ω )T → R. One thus might hope to obtain a unique-
ness up to a T-equivariant isometry of (v,w)-cscK metrics along the lines of the proof
of [11, Theorem 1.1], but this goes beyond the scope of this article.
5.2. The relative (v,w)-Mabuchi energy. In this section we assume that both v
and w are positive smooth functions on P.
Definition 7. The (v,w)-relative Mabuchi energy Mrelv,w : KTω → R is defined by
(22)
(dMrelv,w)φ(φ˙) = −
∫
X
φ˙
(
Scalv(φ)/w(mφ)− wext(mφ)
)
w(mφ)ω
[n]
φ ,
Mrelv,w(0) = 0,
for any φ˙ ∈ TφKTω, where wext is the affine linear function on P defined in Section 3.2.
Lemma 6. We have Mrelv,w =Mv,wwext.
Proof. In Section 3.2, we showed that cv,wwext(α) = 1. From the definitions ofMv,w and
Mrelv,w, it then follows thatMrelv,w =Mv,wwext + c and usingMrelv,w(0) =Mv,wwext(0) = 0
we get c = 0. 
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5.3. Boundednes of the (1,w)-Mabuchi energy. Now we show how the results of
Berman-Berndtsson in [11] can be extended to the (1,w)-cscK metrics.
Theorem 6. [11] Let X be a smooth compact Ka¨hler manifold, T ⊂ Autred(X) a real
torus, and suppose that X admits a (1,w)-cscK metric ω in the the Ka¨hler class α for
some smooth function w on the momentum image P ⊂ t∗ associated to (T, α). Then,
ω is a global minima of M1,w.
Proof. We denote byMw the (1,w)-Mabuchi energy and byM the (1, c1,w(α))-Mabuchi
energy. From the definition of the Mabuchi energy we have the following relation
Mw =M+ Ew˜,
where w˜ := c1,w(α)(1 − w) and Ew˜ is the functional (15). Let φ0, φ1 ∈ KTω be two
smooth Ka¨hler potentials and φt the weak geodesic connecting φ0 and φ1 (see [11, 22]
and the references therein for the definition of a weak geodesic). By [13, Proposition
10.d] the function t 7→ Ew˜(φt) is affine on [0, 1], whereas by [11, Theorem 3.4], the
function t 7→ M(φt) is convex. It follows that t 7→ Mw(φt) is convex. By [11, Lemma
3.5] and its proof, we get
lim
t→0+
Mw(φ1)−Mw(φ0)
t
≥
∫
X
(
Scal(φ0)− c1,w(α)w(mφ0)
)
φ˙ω
[n]
φ0
.
where φ˙ := dφt
dt |t=0+ . Using the sub-slope inequality for convex functions and the
Cauchy–Shwartz inequality we get
Mw(φ1)−Mw(φ0) ≥ lim
t→0+
Mw(φ1)−Mw(φ0)
t
≥
∫
X
(
Scal(φ0)− c1,w(α)w(mφ0)
)
φ˙ω
[n]
φ0
≥− d(φ0, φ1)
( ∫
X
(
Scal(φ0)− c(1,w)(α)w(mφ0))2ω[n]φ0
) 1
2
,
where d(φ0, φ1)
2 =
∫
X
φ˙2ω
[n]
φ0
is the Mabuchi distance between φ0 and φ1. In particular,
if ωφ0 is a (1,w)-cscK metric in the Ka¨hler class α, then Mw(φ) ≥ Mw(φ0) for any
φ ∈ KTω. 
6. The (v,w)-Futaki invariant for a Ka¨hler class
Let (X,α) be a compact Ka¨hler manifold and T ⊂ Autred(X) a real torus with
momentum polytope P with respect to α as in Lemma 1. For any φ ∈ KTω and V ∈ hTred
in the Lie algebra of the centralizer of T in Autred(X), we denote by h
V
φ +
√−1fVφ ∈
C∞0,φ(X,C) the normalized holomorphy potantial of ξ, i.e. h
V
φ and f
V
φ are smooth
functions such that,
V = gradgφ(h
V
φ ) + Jgradgφ(f
V
φ ),∫
X
fVφ ω
[n]
φ =
∫
X
hVφ ω
[n]
φ = 0.
Using that the tangent space in φ of KTω is given by Tφ
(KTω) ∼= C∞0,φ(X,R)T ⊕ R, the
vector field JV defines a vector field ĴV on KTω, given by:
φ 7→ LJV ωφ = −ddcfVφ ,
so that ĴV φ = f
V
φ . We consider the 1-form σ on KTω, defined by
σφ(φ˙) := (dMv,w)φ (φ˙)
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where Mv,w is the (v,w)-Mabuchi energy associated to the smooth functions v ∈
C∞(P,R>0) and w ∈ C∞(P,R) (see (14)). By the invariance of σ under the AutTred(X)-
action and Cartan’s formula, we get
L
ĴV
σ = d
(
σ(ĴV )
)
= 0.
Then φ 7→ σφ(ĴV ) is constant on KTω, and we define
Definition 8. We let
(23) Fαv,w(V ) := σω(ĴV ) =
∫
X
(
Scalv(ω)− c(v,w)(α)w(mω)
)
fVω ω
[n],
be the real constant associated to V ∈ hTred. We thus get a linear map Fαv,w : hTred → R
called the (v,w)-Futaki invariant associated to (α,P, v,w).
By its very definition, we have
Proposition 2. If (X,α,T) admits a (v,w)-cscK metric then
(24)
∫
X
Scalv(ω)ω
[n] = c(v,w)(α)
∫
X
w(mω)ω
[n] and Fαv,w ≡ 0.
Remark 5. The first condition in (24) is satisfied when
∫
X
w(mω)ω
[n] 6= 0 by the very
definition of cv,w(α) (see Definition 3). Furthermore, in the case of a (v,w)-extremal
Ka¨hler metric considered in Section 3.1, the both conditions in (24) hold true with
respect to the weights v and wwext, by the very definition of wext.
7. The (v,w)-Futaki invariant of a smooth test configuration
Let X be a compact Ka¨hler manifold endowed with an ℓ-dimensional real torus
T ⊂ Autred(X) and a Ka¨hler class α ∈ H1,1(X,R). Following [28, 31, 32] we give the
following
Definition 9. A smooth T-compatible Ka¨hler test configuration for (X,α) is a compact
smooth (n+1)-dimensional Ka¨hler manifold (X ,A), endowed with a holomorphic action
of a real torus Tˆ ⊂ Autred(X ) with Lie algebra tˆ and
• a surjective holomorphic map π : X → P1 such that the torus action Tˆ on X
preserves each fiber Xτ := π
−1(τ) and (X1,A|X1 , Tˆ) ∼= (X,α,T),
• a C⋆-action ρ on X commuting with Tˆ and covering the usual C⋆-action on P1,
• a biholomorphism
(25) λ : X \X0 ≃ X ×
(
P1 \ {0}) ,
which is equivariant with respect to the actions of Gˆ := Tˆ× S1ρ on X \X0 and
the action of G := T× S1 on X × (P1 \ {0}).
In what follows we shall tacitly identify Tˆ with T and Gˆ with G.
Definition 10. A smooth T-compatible Ka¨hler test configuration (X ,A, ρ,T) for (X,α,T)
is called
• trivial if it is given by (X0 = X × P1,A0 = π∗Xα + π∗P1 [ωFS],T) and C⋆-action
ρ0(τ)(x, z) = (x, τz) for any τ ∈ C⋆ and (x, z) ∈ X × P1.
• product if it is given by (Xprod,Aprod, ρprod,T) where Xprod is the compactifi-
cation (in the sense of [70, 87], see also [14, Example 2.8] and [69, p. 12-13])
of X×C with C⋆-action ρprod(τ)(x, z) = (ρX(τ)x, τz) where ρX is a C⋆-action
on X and Aprod is a Ka¨hler class on Xprod which restricts to α on X1 ∼= X.
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Let (X ,A,T) be a smooth T-compatible Ka¨hler test configuration for (X,α,T) and
Ω ∈ A a G-invariant Ka¨hler form. The action of T on X is Hamiltonian with Ω-
momentum map mΩ : X → t∗, normalized by mΩ(X1) = P, where P is a fixed momen-
tum polytope for the induced T-action on X1 ∼= X.
For any τ ∈ C⋆, we denote by
(26) Ωτ := Ω|Xτ , Ω1 =: ω and ωτ := ρ(τ)
∗Ωτ ,
where ρ(τ) : X1
∼→ Xτ is the restriction of ρ(τ) ∈ Autred(X ) to X1. The action of T
on Xτ is Hamiltonian with Ωτ -momentum map (mΩ)|Xτ . Pulling the structure on Xτ
back to X1 via ρ(τ), we get a ωτ -momentum map for the T-action on X1, given by
(27) mτ = mΩτ ◦ ρ(τ).
Lemma 7. For any τ ∈ C⋆, we have∫
Xτ
mΩτΩ
[n]
τ =
∫
X1
mτω
[n]
τ =
∫
X1
m1ω
[n].
It follows that Pτ = P for any τ ∈ C⋆, where Pτ := mΩ(Xτ ) = mτ (X1) is the momen-
tum polytope of the induced action of T on Xτ and Ωτ := Ω|Xτ .
Proof. Since Ω is S1ρ-invariant, the following integral depends only on t = − log |τ |,∫
Xτ
mΩτΩ
[n]
τ =
∫
X1
mτω
[n]
τ =
∫
X1
mτ (ω + dd
cφτ )
[n].
Let Vρ be the generator of the S
1
ρ-action. By (27) we have
d
dt
mτ =
d
dt
(mΩ ◦ ϕtJ Vρ) = (ϕtJ Vρ)∗(dmΩ,J Vρ)Ω = −(ϕtJVρ)∗(dmΩ, dhρ)Ω,
where J denotes the complex structure on X , ϕtJ Vρ = ρ(e−t) is the flow of J Vρ and
hρ is a Ω-Hamiltonian function for Vρ. On the other hand, we have
d
dt
ρ(τ)∗Ω = (ϕtJ Vρ)
∗LJVρΩ = −(ϕtJ Vρ)∗ddchρ.
It follows that
d
dt
∫
X1
mτω
[n]
τ =
d
dt
∫
X1
mτ ((ρ(τ)
∗Ω)|X1)
[n]
=−
∫
Xτ
((dmΩ, dh
ρ)Ω)|XτΩ
[n]
τ −
∫
Xτ
mΩτdd
chρ|Xτ ∧ Ω
[n−1]
τ
=−
∫
Xτ
((dmΩ, dh
ρ)Ω)|XτΩ
[n]
τ +
∫
Xτ
mΩτ∆Ωτ
(
hρ|Xτ
)
Ω[n]τ
=−
∫
Xτ
((dmΩ, dh
ρ)Ω)|XτΩ
[n]
τ +
∫
Xτ
(
dmΩτ , dh
ρ
|Xτ
)
Ωτ
Ω[n]τ = 0,
where we have used that ((dmΩ, dh
ρ)Ω)|Xτ =
(
dmΩτ , dh
ρ
|Xτ
)
Ωτ
since the symplectic
gradient of mΩ : X → t∗ is given by the t-valued fundamental vector field for the
T-action, and thus is tangent to the fibers. It follows that∫
X1
mτω
[n]
τ =
∫
X1
m1ω
[n].

Since mΩ : X → t∗ is continuous it follows from Lemma 7 that mΩ(X ) = P.
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Definition 11. Let (X ,A,T) be a smooth T-compatible Ka¨hler test configuration for
the compact Ka¨hler manifold (X,α) and v ∈ C∞(P,R>0), w ∈ C∞(P,R). The (v,w)-
Futaki invariant of (X ,A,T) is defined to be the real number
Fv,w(X ,A) =−
∫
X
(
Scalv(Ω)− c(v,w)(α)w(mΩ)
)
Ω[n+1]
+ 2
∫
X
v(mΩ)π
⋆ωFS ∧ Ω[n]
(28)
where Ω ∈ A is a T-invariant representative of A, ωFS is the Fubini-Study metric on
P1 with Ric(ωFS) = ωFS, and c(v,w)(α) is the (v,w)-slope of (X,α) given by (8).
Remark 6. (i) By Lemma 2, (28) is independent from the choice of a T-invariant
Ka¨hler form Ω ∈ A. For v = w ≡ 1 we also recover the Futaki invariant of a
smooth test configuration introduced in [28, 31, 32].
(ii) It is easy to show that
2
∫
X
v(mΩ)π
∗ωFS ∧ Ω[n] =2
∫
X\X0
v(mΩ)π
∗ωFS ∧ Ω[n]
=2
∫
P1\{0}
(∫
Xτ
v(mΩτ )Ω
[n]
τ
)
ωFS
=2vol(P1)
(∫
X1
v(mω)ω
[n]
)
=(8π)
∫
X
v(mω)ω
[n],
where for passing from the second line to the third line we used that ρ(τ)∗Ωτ
and ω are in the same Ka¨hler class A|X1 on X1, see Lemma 2. Thus, we obtain
the following equivalent expression for the (v,w)-Futaki invariant
Fv,w(X ,A) =−
∫
X
(
Scalv(Ω)− c(v,w)(α)w(mΩ)
)
Ω[n+1]
+ (8π)
∫
X
v(mω)ω
[n].
(29)
(iii) It is easy to compute the (v,w)-Futaki invariant of the trivial test configuration
(X0,A0) (see Definition 10), using that for a product Ka¨hler form Ω0 := π∗Xω+
π∗
P1
ωFS we have Scalv(Ω0) = Scalv(ω) + 2v(mω), then (28) reduces to
Fv,w(X0,A0) = −4π
∫
X
(
Scalv(ω)− c(v,w)(α)w(mω)
)
ω[n].
Definition 12. [27, 32] We say that (X,α,T) is
(i) (v,w)-K-semistable on smooth Ka¨hler test configurations if Fv,w(X ,A) ≥ 0 for
any T-compatible test configuration (X ,A,T) of (X,α,T) and Fv,w(X0,A0) =
0 for the trivial test configuration (X0,A0).
(ii) (v,w)-K-stable on smooth Ka¨hler test configuations if it is (v,w)-K-semistable
and Fv,w(X ,A) = 0 if and only if (X ,A) = (Xprod,Aprod) is a product in the
sense of Definition 10.
Following [28, 31], there is a family of T-invariant Ka¨hler potentials φτ ∈ KTω(X1),
τ ∈ C∗ ⊂ P1 given by the following Lemma.
Lemma 8. Let Ω ∈ A be a G-invariant Ka¨hler form on X .
(i) On X ⋆ := X \X0 we have
(30) Ω = ωˆ + ddcΦ,
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where ωˆ := (πX ◦ λ)⋆ω with λ the map given by (25) and πX is the projection
on the first factor of X × (P1 \ {0}), and Φ is a smooth G-invariant function
on X ⋆, such that for any τ ∈ C∗,
(31) φτ := ρ(τ)
∗(Φ|Xτ ) ∈ KTω(X1),
satisfies
ωτ − ω = ddcφτ ,
where we recall that ωτ is defined in (26).
(ii) mξωˆ := m
ξ
Ω− (dcΦ)(ξ), ξ ∈ t is a moment map of ωˆ restrected to a fiber Xτ for
the T-action on X ⋆, satisfying mωˆ(X ⋆) = P.
Proof. (i) Using [31, Proposition 3.10] we can find a smooth function Φ on X ⋆ such
that Ω = ωˆ + ddcΦ on X ⋆. Taking the restriction of the latter equality to Xτ (τ 6= 0)
we have Ωτ = ρ(τ
−1)∗ω + ddc(Φ|Xτ ), pulling back by ρ(τ) yields ωτ − ω = ddcφτ .
(ii) By the relation (30) and the fact that the action of T preserves the fibers we
obtain that mξωˆ := m
ξ
Ω − (dcΦ)(ξ) is a momentum map of (Xτ , ωˆ|Xτ ). It thus follows
from Lemmas 1 and 7 that mωˆ(Xτ ) = P. 
The main result of this section is the following theorem which extends the results
from [28, 31] to arbitrary values of v,w:
Theorem 7. Let (X ,A,T) be a smooth T-compatible Ka¨hler test configuration, for a
compact Ka¨hler manifold (X,α,T) and v ∈ C∞(P,R>0), w ∈ C∞(P,R) are weight
functions. If the central fiber X0 is reduced, then
lim
t→+∞
Mv,w(φt)
t
= Fv,w(X ,A).
where φt := φτ with τ = e
−t+is is given by (31). In particular if Mv,w is bounded from
bellow, then
Fv,w(X ,A) ≥ 0.
Before we give the proof we need a couple of technical lemmas.
Lemma 9. Under the hypotheses of Theorem 7 we have,
(32) lim
t→+∞
Ew(φt)
t
=
∫
X
w(mΩ)Ω
[n+1].
Proof. We will start by showing as in [28, 31, 84] that,
(33) π⋆
(
w(mΩ)Ω
[n+1]
)
= ddcEw(φτ ),
on C⋆ ⊂ P1, in the sens of currents. From the very definition of the functional Ew (see
(15)) we have
Ew(φτ ) =
∫ 1
0
(∫
X
φτw(mǫφτ )ω
[n]
ǫφτ
)
dǫ
=
∫ 1
0
(∫
X
φτw(ǫmτ + (1− ǫ)mω)(ǫωτ + (1− ǫ)ω)[n]
)
dǫ
=
∫ 1
0
(∫
Xτ
(Φw(mΩǫ)Ω
[n]
ǫ )|Xτ
)
dǫ
where Ωǫ := ǫΩ+ (1− ǫ)ωˆ, mΩǫ := ǫmΩ + (1− ǫ)mωˆ, and ωˆ, Φ are given in Lemma 8.
It thus follows that Ew(φτ ) extends to a smooth function on P1 \ {0}. Let f(τ) be a
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smooth function with compact support in C⋆ ⊂ P1. Letting fˆ := π⋆f we have
〈ddcEw(φτ ), f〉 =
∫ 1
0
(∫
C⋆
ddcf(τ)
∫
Xτ
(Φw(mΩǫ)Ω
[n]
ǫ )|Xτ
)
dǫ
=
∫ 1
0
(∫
X ⋆
Φw(mΩǫ)dd
cfˆ ∧Ω[n]ǫ
)
dǫ
=−
∫ 1
0
(∫
X ⋆
Φdfˆ ∧ dcw(mΩǫ) ∧ Ω[n]ǫ
)
dǫ
−
∫ 1
0
(∫
X ⋆
w(mΩǫ)dfˆ ∧ dcΦ ∧ Ω[n]ǫ
)
dǫ
=−
∫ 1
0
(∫
X ⋆
Φdfˆ ∧ dcw(mΩǫ) ∧ Ω[n]ǫ
)
dǫ
+
∫ 1
0
(∫
X ⋆
fˆw(mΩǫ)dd
cΦ ∧ Ω[n]ǫ
)
dǫ
+
∫ 1
0
(∫
X ⋆
fˆ dw(mΩǫ) ∧ dcΦ ∧ Ω[n]ǫ
)
dǫ,
(34)
The first integral in the last equality vanishes. Indeed, for a basis (ξi)i=1,··· ,ℓ of t we
have
dfˆ ∧ dcw(mΩˆǫ) ∧ Ω[n]ǫ =
ℓ∑
i=1
w,i(mΩǫ)(df)(π∗ξi)Ω
[n+1]
ǫ = 0,
since the action of T preserves the fibers of X → P1. For the remaining integrals in the
last equality in (34), integration by parts in the variable ǫ gives∫ 1
0
(∫
X ⋆
fˆw(mΩǫ)dd
cΦ ∧ Ω[n]ǫ
)
dǫ
=
∫ 1
0
(∫
X ⋆
fˆw(mΩǫ)
d
dǫ
Ω[n+1]ǫ
)
dǫ (since Ωǫ := ωˆ + ǫdd
cΦ)
=
∫
X ⋆
fˆw(mΩ)Ω
[n+1] −
∫ 1
0
(∫
X ⋆
fˆ
(
d
dǫ
w(mΩǫ)
)
Ω[n+1]ǫ
)
dǫ
=
∫
X ⋆
fˆw(mΩ)Ω
[n+1] −
∫ 1
0
(∫
X ⋆
fˆ dw(mΩǫ) ∧ dcΦ ∧Ω[n]ǫ
)
dǫ,
(35)
where for passing from the third line to the last line we used the following
(
d
dǫ
w(mΩǫ)
)
Ω[n+1]ǫ =
ℓ∑
i=1
w,i(mΩǫ)d
cΦ(ξi)Ω
[n+1]
ǫ
=
ℓ∑
i=1
w,i(mΩǫ)dm
ξi
Ωǫ
∧ dcΦ ∧ Ω[n]ǫ
=w(mΩǫ) ∧ dcΦ ∧Ω[n]ǫ .
By substituting (35) in (34) we get (33).
Now we establish (32) using (33), following the proof [31, Theorem 4.9]. Let Dǫ ⊂ C
be the disc of center 0 and radius ǫ > 0. Using the change of coordinates (t, s) given
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by τ = e−t+is ∈ C and the S1-invariance of Ew(φτ ) we calculate
∫
X
w(mΩ)Ω
[n+1] =lim
ǫ→0
∫
X\π−1(Dǫ)
w(mΩ)Ω
[n+1]
=lim
ǫ→0
∫
P1\Dǫ
π⋆
(
w(mΩ)Ω
[n+1]
)
=lim
ǫ→0
∫
P1\Dǫ
ddcEw(φτ ) by (33)
=lim
ǫ→0
(
d
dt
∣∣∣∣
t=− log ǫ
Ew(φt)
)
by the Green-Riesz formula
= lim
t→+∞
d
dt
Ew(φt) = lim
t→+∞
Ew(φt)
t
.

Let Ω ∈ A be G-invariant Ka¨hler form. We consider the Ka¨hler metric on X ⋆ given
by ωˆ + π∗ωFS = λ∗(π∗Xω + π
∗
P1
ωFS) (by the equivariance of λ), where ωˆ := (πX ◦ λ)∗ω
with λ the map given by (25) and πX , πP1 denote the projections on the factors of
X × (P1 \ {0}). Then we have on X ⋆
(36) Ric(Ω)− π∗ωFS − R̂ic(ω) = 1
2
ddcΨ,
where Ψ = log
(
Ωn+1
ωˆn∧π∗ωFS
)
and R̂ic(ω) := (πX ◦ λ)∗Ric(ω). Using (36) and Lemma 5
(ii), we obtain on X ⋆
(37) mξ
R̂ic(ω)
= mξRic(Ω) +
1
2
(dcΨ)(ξ),
for any ξ ∈ t, where m
R̂ic(Ω)
:= (πX ◦ λ)∗mRic(ω).
Lemma 10. Under the hypotheses of Theorem 7, we have
(38) ddcERic(ω)v (φτ ) = π∗
(
v(mΩ)R̂ic(ω) ∧ Ω[n] + 〈(dv)(mΩ),mR̂ic(ω)〉Ω
[n+1]
)
.
Proof. From the very definition of ERic(ω)v (see (16)) we have
ERic(ω)v (φτ ) =
∫ 1
0
( ∫
Xτ
[
Φ
(
v(mΩǫ)R̂ic(ω) ∧ Ω[n−1]ǫ + 〈(dv)(mΩǫ),mR̂ic(ω)〉Ω
[n]
ǫ
)]
|Xτ
)
dǫ,
where Ωǫ := ǫΩ+ (1− ǫ)ωˆ, mΩǫ := ǫmΩ + (1− ǫ)mωˆ, and ωˆ, Φ are given in Lemma 8.
As in the proof of Lemma 9, we see that ERic(ω)v (φτ ) extends to a smooth function on
P1 \{0}. Furthermore, for any smooth function f(τ) with compact support in C⋆ ⊂ P1,
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we have
〈ddcERic(ω)v (φτ ), f〉 =
∫
C⋆
ERic(ω)v (φτ )ddcf =
=
∫ 1
0
( ∫
C⋆
ddcf
∫
Xτ
[
Φ
(
v(mΩǫ)R̂ic(ω) ∧ Ω[n−1]ǫ + 〈(dv)(mΩǫ),mR̂ic(ω)〉Ω
[n]
ǫ
)]
|Xτ
)
dǫ
=
∫ 1
0
( ∫
X ⋆
fˆ ddc
[
Φ
(
v(mΩǫ)R̂ic(ω) ∧ Ω[n−1]ǫ + 〈(dv)(mΩǫ),mR̂ic(ω)〉Ω
[n]
ǫ
)])
dǫ
=−
∫ 1
0
( ∫
X ⋆
Φ
[
dfˆ ∧ dc(v(mΩǫ)) ∧ R̂ic(ω) ∧ Ω[n−1]ǫ + dfˆ ∧ dc(〈(dv)(mΩǫ),mR̂ic(ω)〉) ∧ Ω
[n]
ǫ
])
dǫ
+
∫ 1
0
( ∫
X ⋆
fˆ
[
d(〈(dv)(mΩǫ ),mR̂ic(ω)〉) ∧ d
cΦ ∧ Ω[n]ǫ + d(v(mΩǫ)) ∧ dcΦ ∧ R̂ic(ω) ∧ Ω[n−1]ǫ
])
dǫ
+
∫ 1
0
( ∫
X ⋆
fˆ
[
v(mΩǫ)R̂ic(ω) ∧ (ddcΦ) ∧ Ω[n−1]ǫ + 〈(dv)(mΩǫ),mR̂ic(ω)〉(dd
cΦ) ∧ Ω[n]ǫ
)])
dǫ
=I1 + I2 + I3,
where I1, I2, I3 respectively denote the integrals on the first, second and third lines of
the last equality. Now we compute each integral individually. We have
dfˆ ∧ dc(〈(dv)(mΩǫ ),mR̂ic(ω)〉) ∧ Ω
[n]
ǫ + dfˆ ∧ dc(v(mΩǫ)) ∧ R̂ic(ω) ∧Ω[n−1]ǫ
=
∑
i,j
v,ij(mΩǫ)(dfˆ)(ξj)m
ξi
R̂ic(ω)
Ω[n+1]ǫ +
∑
i
v,i(mΩǫ)dfˆ ∧ dcmξi
R̂ic(ω)
∧ Ω[n]ǫ
+
∑
i
v,i(mΩǫ)(dfˆ)(ξi)(ΛΩǫR̂ic(ω))Ω
[n+1]
ǫ − (dfˆ ∧ dc(v(mΩǫ)), R̂ic(ω))ΩǫΩ[n+1]ǫ
=
∑
i
v,i(mΩǫ)(dfˆ ∧ dcmξiΩǫ , R̂ic(ω))Ω[n+1]ǫ − (dfˆ ∧ dc(v(mΩǫ)), R̂ic(ω))Ω[n+1]ǫ = 0,
where ξ = (ξi)i=1,··· ,ℓ is a basis of t. It follows that I1 = 0. For the integral I2, a similar
calculation gives
I2 =
∫ 1
0
(∫
X ⋆
fˆ
[∑
i
v,i(mΩǫ)(d
cΦ)(ξi)R̂ic(ω)∧Ω[n]ǫ +
∑
i,j
v,ij(mΩǫ)m
ξi
R̂ic(ω)
(dcΦ)(ξj)Ω
[n]
ǫ
])
dǫ,
Now we consider the integral I3. Using the fact that Ωǫ = ωˆ + ǫdd
cΦ, an integration
by parts with respect to ǫ gives
I3 =
∫ 1
0
( ∫
X ⋆
fˆ
[
v(mΩǫ)R̂ic(ω) ∧
( d
dǫ
Ω[n]ǫ
)
+ 〈(dv)(mΩǫ),mR̂ic(ω)〉
( d
dǫ
Ω[n+1]ǫ
)])
dǫ
=
∫
X ⋆
fˆ
[
v(mΩ)R̂ic(ω) ∧ Ω[n] + 〈(dv)(mΩ),mR̂ic(ω)〉Ω
[n+1]
]
−
∫ 1
0
( ∫
X ⋆
fˆ
[( d
dǫ
v(mΩǫ)
)
R̂ic(ω) ∧ Ω[n]ǫ +
( d
dǫ
〈(dv)(mΩǫ),mR̂ic(ω)〉
)
Ω[n+1]ǫ
])
dǫ,
By Lemma 8 (ii) the second integral on the second equality is given by∫ 1
0
( ∫
X ⋆
fˆ
[( d
dǫ
v(mΩǫ)
)
R̂ic(ω) ∧ Ω[n]ǫ +
( d
dǫ
〈(dv)(mΩǫ),mR̂ic(ω)〉
)
Ω[n+1]ǫ
])
dǫ
=
∫ 1
0
( ∫
X ⋆
fˆ
[∑
i
v,i(mΩǫ)(d
cΦ)(ξi)R̂ic(ω) ∧ Ω[n]ǫ +
∑
i,j
v,ij(mΩǫ)m
ξi
R̂ic(ω)
(dcΦ)(ξj)Ω
[n]
ǫ
])
dǫ
=I2.
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It follows that
I1 + I2 + I3 =
∫
X ⋆
fˆ
[
v(mΩ)R̂ic(ω) ∧ Ω[n] + 〈(dv)(mΩ),mR̂ic(ω)〉Ω
[n+1]
]
.
This completes the proof. 
Lemma 11. Under the hypotheses of Theorem 7,
lim
t→+∞
1
t
(∫
X1
ψtv(mφt)ω
[n]
φt
− 2ERic(ω)v (φt)
)
=− 2
∫
X
v(mΩ)(Ric(Ω)− π⋆ωFS) ∧ Ω[n] + 〈(dv)(mΩ),mRic(Ω)〉Ω[n+1]
(39)
where φt is given by (31) and ψt = ψτ with τ = e
−t+is is given by
(40) ψτ := ρ(τ)
∗(Ψ|Xτ ) ∈ C∞(X1,R)T.
Proof. We define on C⋆ the function H(τ) := ∫
X
ψτv(mτ )ω
[n]
τ . Let f(τ) be a test
function with support in C⋆ ⊂ P1 and fˆ := π⋆f . We have
〈ddcH, f〉 =
∫
C⋆
ddcf
∫
Xτ
(Ψv(mΩ)Ω
[n])|Xτ
=
∫
X ⋆
Ψv(mΩ)dd
cfˆ ∧Ω[n]
=
∫
X ⋆
Ψd(v(mΩ)) ∧ dcfˆ ∧ Ω[n] −
∫
X ⋆
v(mΩ)dΨ ∧ dcfˆ ∧ Ω[n]
Notice that d(v(mΩ)) ∧ dcfˆ ∧ Ωn = 0 since the 1-form dcfˆ is zero on the fundamental
vector fields of the T-action. Integration by parts gives
〈ddcH, f〉 =
∫
X ⋆
fˆ dΨ ∧ dcv(mΩ) ∧ Ω[n] +
∫
X ⋆
fˆv(mΩ)dd
cΨ ∧ Ω[n].
Using the equations (36) and (37) we obtain
〈ddcH, f〉 =− 2
∫
X ⋆
fˆ〈(dv)(mΩ),mRic(Ω) −mR̂ic(ω)〉Ω
[n+1]
−
∫
X ⋆
fˆv(mΩ)(Ric(Ω)− 2π∗ωFS − R̂ic(ω)) ∧Ω[n].
(41)
Combining (38) and (41) gives
ddc
(H(τ)− 2ERic(ω)v (φτ ))
=− 2π⋆
(
v(mΩ)(Ric(Ω)− π⋆ωFS) ∧ Ω[n] + 〈(dv)(mΩ),mRic(Ω)〉Ω[n+1]
)
.
We conclude in the same way as in the proof of Lemma 9. 
We consider the following function on C⋆:
(42) MΨv,w(φτ ) :=
∫
X
ψτv(mφτ )ω
[n]
φτ
− 2ERic(ω)v (φτ ) + c(v,w)(α)Ev(φτ ),
where φτ and ψτ are given by (31) and (40) respectively. From the definition of
MΨv,w(φτ ) and Lemmas 9 and 11 we see that
(43) lim
t→+∞
MΨv,w(φt)
t
= Fv,w(X ,A).
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Lemma 12. If the central fiber X0 is reduced, then the integral
Υ(τ) :=
∫
Xτ
log
(
Ωn ∧ π∗ωFS
Ωn+1
)
v(mΩ)Ω
[n]
τ ,
is bounded on C⋆.
Proof. The integral Υ(τ) is bounded from above since Z(xˆ) = Ω
n∧π∗ωFS
Ωn+1
is a non-
negative smooth function on X and the integral ∫
Xτ
v(mΩ)Ω
[n]
τ is independent from τ
(see Lemma 7). Notice that Υ(τ) is bounded if and only if
∫
Xτ
| log(Z)|v(mΩ)Ω[n]τ is
bounded. Indeed, if Υ(τ) = O(1) then∫
Xτ
| log(Z)|v(mΩ)Ω[n]τ =
∫
Xτ
(log(Z) + | log(Z)|)v(mΩ)Ω[n]τ −Υ(τ) = O(1).
It follows that
∫
Xτ
| log(Z)|v(mΩ)Ω[n]τ = O(1). The converse follows from
|Υ(τ)| ≤
∫
Xτ
| log(Z)|v(mΩ)Ω[n]τ .
Using that v(mΩ) is a smooth function on X we see that
∫
Xτ
| log(Z)|v(mΩ)Ω[n]τ = O(1)
if and only if
∫
Xτ
| log(Z)|Ω[n]τ = O(1), which is also equivalent to
∫
Xτ
log(Z)Ω
[n]
τ =
O(1). By [28, Remark 4.12], if the central fiber X0 is reduced then
∫
Xτ
log(Z)Ω
[n]
τ =
O(1) which implies that Υ(τ) = O(1). 
Now we are in position to give a proof for Theorem 7.
Proof of Theorem 7. From the modified Chen-Tian formula in Theorem 5, (42) and
by Lemma 12 we get
Mv,w(φτ )−MΨv,w(φτ ) =
∫
X
(
log
(
ωnτ
ωn
)
− ψτ
)
v(mτ )ω
[n]
τ
=
∫
Xτ
(
log
(
Ωn ∧ π∗ωFS
ωˆn ∧ π∗ωFS
)
−Ψ
)
ρ(τ−1)∗(v(mτ )ω[n]τ )
=
∫
Xτ
log
(
Ωn ∧ π∗ωFS
Ωn+1
)
v(mΩ)Ω
[n]
τ = O(1).
Dividing by t (where we recall τ = e−t+is) and passing to the limit when t goes to
infinity concludes the proof. 
Proof of Theorems 2 and 3. These are direct corollaries of Theorems 1 and 6 re-
spectively, together with Theorem 7 and Proposition 2. 
Proposition 3. If (X ,A,T) is a Ka¨hler test configuration of (X,α,T) such that π :
X → P1 is a smooth submersion then
Fv,w(X ,A) = Fαv,w(Vρ)−
Vol(X ,A)
Vol(X,α)
∫
X
(
Scalv(ω)− cv,w(α)w(mω)
)
ω[n],
where Vρ is the generator of the S
1
ρ-action on X0, and Fαv,w(Vρ) is the (v,w)-Futaki
invariant of the smooth central fibre (X0, α) introduced in Definition 8. In particular if
(X,α,T) is (v,w)-semistable on smooth test configurations, then∫
X
Scalv(ω)ω
[n] = c(v,w)(α)
∫
X
w(mω)ω
[n] and Fαv,w ≡ 0.
WEIGHTED CSCK METRICS AND WEIGHTED K-STABILITY 26
Proof. We just adapt the arguments from [30] to our weighted setting. From Defini-
tion 5 we have
d
dt
Mv,w(φτ ) =−
∫
X1
φ˙τ
(
Scalv(ωτ )− cv,w(α)w(mτ )
)
ω[n]τ ,
=−
∫
Xτ
ρ(τ−1)∗φ˙τ
(
Scalv(Ωτ )− cv,w(α)w(mΩτ )
)
Ω[n],
(44)
where t = − log |τ |, φ˙τ = dφτdt and ωτ , φτ , mτ are given by (31) and (27). Note that the
flow of the vector field J Vρ is ϕtJ Vρ = ρ(e−t) where J denotes the complex structure
of X . Let hρ be a Hamiltonian function of Vρ with respect to Ω. We have ddtρ(τ)∗Ω =
−ddc(ρ(τ)∗hρ). On the other hand, using (31) we get d
dt
(ρ(τ)∗Ω)|X1 = dd
cφ˙τ . By taking
the restriction on X1 of the first equality and comparing to the secon, we get
(45) hρ|Xτ = −ρ(τ
−1)∗φ˙τ + a(τ),
where a(τ) ∈ R is a constant depending on τ ∈ C∗. By (45) and Lemma 3, we have
a(τ) =
1
Vol(X,α)
( ∫
Xτ
hρΩ[n] +
dE1(φτ )
dt
)
.
Using that π : X → P1 is a smooth submersion and Lemma 9, we get
(46) lim
t→∞a(τ) =
1
Vol(X,α)
(∫
X0
hρΩ[n] +Vol(X ,A)
)
.
Substituting (45) in (44), we obtain
d
dt
Mv,w(φτ ) =
∫
Xτ
(
Scalv(Ωτ )− cv,w(α)w(mΩτ )
)
hρΩ[n]
− a(τ)
∫
Xτ
(
Scalv(Ωτ )− cv,w([Ωτ ])w(mΩτ )
)
Ω[n].
(47)
Passing to the limit when t→∞ in (47) and using Theorem 7, we obtain
Fv,w(X ,A) = lim
t→∞
d
dt
Mv,w(φτ )
=
∫
X0
(
Scalv(Ω0)− cv,w(α)w(mΩ0)
)
hρΩ[n]
− 1
Vol(X,α)
(∫
X0
hρΩ[n] +Vol(X ,A)
) ∫
X0
(
Scalv(Ω0)− cv,w([Ω0])w(mΩ0)
)
Ω[n]
=
∫
X0
(
Scalv(Ω0)− cv,w(α)w(mΩ0)
)(
hρ − 1
Vol(X,α)
∫
X0
hρΩ[n]
)
Ω[n]
− Vol(X ,A)
Vol(X,α)
∫
X0
(
Scalv(Ω0)− cv,w([Ω0])w(mΩ0)
)
Ω[n]
= Fαv,w(Vρ)−
Vol(X ,A)
Vol(X,α)
∫
X
(
Scalv(ω)− cv,w(α)w(mω)
)
ω[n].
where Ω0 = Ω|X0 ∈ A|X0 , and we have used in the last equality that for any τ ∈ C⋆ we
have ∫
Xτ
Scalv(Ωτ )Ω
[n] =
∫
X1
Scalv(ωτ )ω
[n]
τ =
∫
X
Scalv(ω)ω
[n],∫
Xτ
w(mΩτ )Ω
[n] =
∫
X1
w(mωτ )ω
[n]
τ =
∫
X
w(mω)ω
[n],
see Lemma 2.
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For the second statement, as
∫
X
(
Scalv(ω)− cv,w(α)w(mω)
)
ω[n] = 0 by the definition
of semi-stability, we consider the product test configurations associated to V and −V
for any V ∈ hred, we obtain Fαv,w(V ) = −Fαv,w(V ) ≥ 0 i.e. Fαv,w ≡ 0. 
Remark 7. In [27], Dervan defines a T-relative Donaldson–Futaki invariant DFT(X ,A)
for a smooth T-compatible Ka¨hler test configuration X as follows
DFT(X ,A) := F1,1(X ,A)−
ℓ∑
i=1
〈hρ, hi〉X0
〈hi, hi〉X0
Fα1,1(ξi),
where ξ := (ξi)i=1,··· ,ℓ is a basis of t with corresponding Killing potentials hi = fi(mΩ) =
〈mΩ, ξi〉+ λi, such that 〈hi, hj〉X0 =
∫
X0
hihjΩ
n = 0 for i 6= j and ∫
X0
hiΩ
n = 0, where
the integration on X0 is defined by
∫
X0
:=
∑
imi
∫
(X
(i)
0 )reg
with [X0] =
∑
imiX
(i)
0 being
the analytic cycle associated to X0 and (X
(i)
0 )reg standing for the regular part of the
irreducible component X
(i)
0 of X0. Using Lemma 7, we have∫
X
wext(mω)ω
[n] =
∫
X1
wext(mΩ)Ω
[n] =
∫
Xτ
wext(mΩ)Ω
[n],
F1,1(ξi) = 〈wext(mω), hi〉X = 〈wext(mΩ), fi(mΩ)〉X1 = 〈wext(mΩ), hi〉Xτ ,
(48)
for any τ ∈ C⋆ ⊂ P1. As the family π : X → P1 is proper and flat, the current of integra-
tion along the fibers Xτ is continuous and converges to the integration over the analytic
cycle of the central fiber [X0] (see [10]). Passing to the limit when τ → 0 in (48), we
thus obtain
∫
X
wext(mω)ω
[n] =
∫
X0
wext(mΩ)Ω
[n] and F1,1(ξi) = 〈wext(mΩ), h(ρi,Ω)〉X0 .
Thus,
(49) DFT(X ,A) = F1,1(X ,A)− 〈wext(mΩ), hρ〉X0 .
On the other hand, the (1,wext)-Futaki invariant of (X ,A) is given by
(50) F1,wext(X ,A) = −
∫
X
Scal(Ω)Ω[n+1] + 2
∫
X
π⋆ωFS ∧ Ω[n] +
∫
X
wext(mΩ)Ω
[n+1].
(Recall that c(1,wext)(α) = 1, see Section 3.2). From (49) and (50), we infer
F1,wext(X ,A)−DFT(X ,A) =〈wext(mΩ), hρ〉X0 +
∫
X
(wext(mΩ)− c1,1(α))Ω[n+1]
=〈wext(mΩ), hρ〉X0 + lim
t→∞
dE◦wext(φτ )
dt
=〈wext(mΩ), hρ〉X0 + lim
t→∞
(∫
X1
φ˙τ
◦
wext(mτ )ω
[n]
τ
)
=〈wext(mΩ), hρ〉X0 − lim
t→∞
(∫
Xτ
hρ
◦
wext(mΩ)Ω
[n]
)
=〈wext(mΩ), hρ〉X0 −
∫
X0
hρ
◦
wext(mΩ)Ω
[n] = 0,
where in the second equality we used Lemma 9 for
◦
wext = wext − c1,1(α) = wext − 1
Vol(X,α)
∫
Xτ
wext(mΩ)Ω
[n],
for any τ ∈ C⋆ and in the fourth equality we used (45). It follows that
F1,wext(X ,A) = DFT(X ,A).
WEIGHTED CSCK METRICS AND WEIGHTED K-STABILITY 28
8. Algebraic definition of a (v,w)-Donaldson-Futaki invariant
8.1. The (v,w)-Donaldson-Futaki invariant of a smooth polarized variety.
Let (X,L) be a smooth compact polarized projective manifold, where L is an ample
holomorphic line bundle on X and T ⊂ Aut(X,L) is an ℓ-dimensional real torus on
the total space of L, which covers a torus action (still denoted by T) in Autred(X) ∼=
Aut(X,L)/C⋆. Let ξ = (ξ1, · · · , ξℓ) ∈ t be a basis of S1-generators of T and A(k)ξ :=
(A
(k)
ξ1
, . . . , A
(k)
ξℓ
) the induced infinitesimal actions of ξi on the finite dimensional space
Hk := H0(X,Lk) of global holomorphic sections of Lk for k ≫ 1. For a T-invariant
Hermitian metric h on L with curvature two form ω ∈ 2πc1(L) we have (see e.g. [45,
Proposition 8.8.2])
(51) A
(k)
ξi
+
√−1∇ξi = kmξiω IdHk ,
where ∇ is the Chern connection of hk := h⊗k and mξiω is a ω-Hamiltonian function
of ξi. Using the basis ξ we identify t ∼= Rℓ and we get a momentum map mω :=
(mξ1ω , · · · ,mξℓω ) : X → Rℓ for the action of T on X with momentum image P := mω(X).
Notice that if hφ := e
−2φh is another T-invariant Hermitian metric on L with positive
curvature ωφ > 0, the corresponding momentum map satisfies m
ξi
φ = m
ξi
ω + (dcφ)(ξi),
thus showing, by virtue of Lemma 1 (iii), that the image mφ(X) = P is independent of
the metric hφ. We thus have a polytope P ⊂ t∗ associated to the polarization (X,L,T).
The spectrum of k−1A(k)ξj is given by {λ
(k)
i (ξj), λ
(k)
i ∈ Wk} where Wk := {λ(k)i , i =
1, · · · , Nk} ⊂ Λ∗ is the finite set of weights of the complexified action of T on Hk and
Λ∗ is the dual of the lattice Λ ⊂ t of circle subgroups of T (see e.g. [6, 12]).
Lemma 13. The set of weights Wk is contained in the momentum polytope P of the
action of T on (X,L).
Proof. This Lemma is well known (see e.g. [6, Section 5], we give the proof for the sake
of clarity. Let λ
(k)
i ∈ Wk, ξj ∈ ξ an S1-generator for the T-action on X, and s(k)j,i ∈ Hk
an eigensection associated to the eigenvalue λ
(k)
i (ξj) of k
−1A(k)ξj . Using (51), we have
(λ
(k)
i (ξj)−m
ξj
ω )|s(k)j,i |2hk =(k−1A
(k)
ξj
sj,i, sj,i)hk −mξjω |s(k)j,i |2hk
=−
√−1
2
(d|s(k)j,i |2hk)(ξj)−
1
2
(d|s(k)j,i |2hk)(Jξj).
At a point of global maximum x0 of the smooth function |s(k)j,i |2hk on X, we obtain
λ
(k)
i (ξj) = m
ξj
ω (x0) ∈ P.
It follows that Wk ⊂ P. 
Using the weight decomposition of Hk
Hk =
⊕
λ
(k)
i ∈Wk
H(λ(k)i ),
and Lemma 13, for any smooth function v ∈ C∞(P,R) we can define the operator
v(k−1A(k)ξ ) : Hk →Hk by
(52) v(k−1A(k)ξ )|H(λ(k)i )
:= v(k−1λ(k)i )IdH(λ(k)i )
.
Definition 13. We define the v-weight of the action of T on (X,L) by
(53) Wv(L
k) := Tr(v(k−1A(k)ξ )).
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Lemma 14. The v-weight of the action of T on (X,L) admits the following asymptotic
expansion
(54) (2π)nWv(L
k) = kn
∫
X
v(mω)ω
[n] +
kn−1
4
∫
X
Scalv(ω)ω
[n] +O(kn−2).
for any smooth function v with compact support containing P.
Proof. This is a direct consequence of Theorem A.1 below, by letting w = v in (84),
and integrating in both sides over X. 
The following result is a straightforward consequence of Lemma 14.
Corollary 2. Let (X,L) be a smooth polarized projective variety endowed with a torus
action T ⊂ Aut(X,L) and v,w ∈ C∞(P,R) smooth functions on the corresponding
polytope P ⊂ t∗. For any C∗-action ρ commuting with T and a family ξ of S1-generators
of T, we consider the weight
W (k)v (ξ, ρ) := Tr
(
v
(
k−1A(k)ξ
) · k−1A(k)ρ ) ,
where A
(k)
ρ is the induced infinitisimal action of ρ on Hk. Then, Ww(ξ, ρ) admits an
asymptotic expansion
W (k)v (ξ, ρ) = a
(0)
v (ξ, ρ)k
n + a(1)v (ξ, ρ)k
n−1 +O(kn−2),
and the (v,w)-Futaki invariant introduced in Definition 8 with respect to the Ka¨hler
class α := 2πc1(L) satisfies
1
4(2π)n
Fαv,w(Vρ) = a(1)v (ξ, ρ)−
cv,w(L)
4
a(0)w (ξ, ρ),
where Vρ is the generator of the S
1
ρ-action on X, and cv,w(L) is the (v,w)-slope of
(X, 2πc1(L)) defined in (8).
8.2. The (v,w)-Donaldson-Futaki invariant of a polarized test configuration.
Following [36], we consider a (possibly singular) polarized test configuration of exponent
r ∈ N, compatible with (X,L,T), defined as follows:
Definition 14. A T-compatible polarized test configuration (X ,L) of exponent r ∈ N
associated to the smooth polarized variety (X,L) is a normal polarized variety (X ,L, Tˆ)
endowed with a torus Tˆ ⊂ Aut(X ,L) and
• a flat morphism π : X → P1 such that the torus action Tˆ on X preserves each
fiber Xτ := π
−1(τ), and (X1,L|X1 , Tˆ) is equivariantly isomorphic to (X,Lr,T);
• a C⋆-action ρ on X commuting with Tˆ and covering the usual C⋆-action on P1;
• an isomorphism
(55) λ : (X × (P1 \ {0}), Lr ⊗OP1(r)) ∼= (X \X0,L),
which is equivariant with respect to the actions of G := Tˆ× S1ρ on X \X0 and
the action of T× S1 on X × (P1 \ {0}).
To simplify the discussion, we shall assume in the sequel that r = 1 and that L is a
very ample polarization on X.
By the consideration in Section 8.1, for each τ 6= 0, (Xτ ,L|Xτ , Tˆ) gives rise to a mo-
mentum polytope Pτ ⊂ t∗. Using the biholomorphism (55), we know that (Xτ ,L|Xτ , Tˆ)
and (X1,L|X1 , Tˆ) are equivariantly isomorphic polarized varieties, and thus Pτ = P1 =
P for all τ 6= 0.
For any τ ∈ P1, following Section 8.1, we let A(k)ξ (τ) := (A(k)ξ1 (τ), . . . , A
(k)
ξℓ
(τ)) be
infinitisimal generators of the S1-actions on Hk(τ) := H0(Xτ ,Lk|Xτ ), induced by the
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S1-generators ξ = (ξ1, · · · , ξℓ) for the Tˆ-action, on the fiber (Xτ ,L|Xτ ). We claim that
the spectrum of the operators A
(k)
ξj
(τ) is independent of τ ∈ P1, and is contained in
P. To see this, we can use the observation from [36, Sect. 2.3] which associates to
any T-compatible polarized test configuration (X ,L, Tˆ) a continuous family Vk(τ) ⊂
Symk(CN+1) of m-planes in the Grassmanian Grm(Sym
k(CN+1)), where Symk denotes
the vector space of symmetric homogeneous polynomials in N + 1 complex variables.
In this picture, (Xτ ,L|Xτ ) is seen as a polarized subvariety of (PN ,O(1)), and the
space of sections Hk(τ) := H0(Xτ , (L|Xτ )k) is identified to Symk(CN+1)/Vk(τ). We
can further assume that the action of Tˆ on (Xτ ,L|Xτ ) comes from the restriction to Xτ
of a subtorus of Tˆ ⊂ SL(N +1,C), and thus Tˆ also acts on Symk(CN+1); furthermore,
writing Â
(k)
ξ := (Aˆ
(k)
ξ1
, · · · Aˆ(k)ξℓ ), where Aˆ
(k)
ξj
is the infinitisimal generator of the circle
action S1ξj on Sym
k(CN+1), the operators
Aˆ
(k)
ξj
: Symk(CN+1)→ Symk(CN+1),
must preserve the m-planes Vk(τ) (as the action preserves each Xτ viewed as the
subspace of common zeroes of elements in Vk(τ)), and thus
A
(k)
ξj
(τ) : Symk(CN+1)/Vk(τ)→ Symk(CN+1)/Vk(τ)
are the linear maps induced by Â
(k)
ξ on the quotient spaces Hk(τ). Introducing a
Tˆ-invariant Hermitian product on Symk(CN+1), we thus obtain a continuous Aˆ
(k)
ξj
-
invariant decomposition
Symk(CN+1) = Vk(τ)⊕ V⊥k (τ),
and the spectrum of A
(k)
ξi
(τ) is nothing but the spectrum of Aˆ
(k)
ξi
restricted to V⊥k (τ).
Using that V⊥k (τ) vary continuously in the Gramsannian, we conclude that the spectrum
of Aˆ
(k)
ξj
restricted to V⊥k (τ) is constant. It is contained in P by Lemma 13.
It follows that for any v ∈ C∞(P,R), we can define v(k−1A(k)ξ (0)), where A(k)ξ (0) =
(A
(k)
ξ1
(0), · · · , A(k)ξℓ (0)) denote the the generators of circle actions corresponding to the
central fibre (X0,L|X0 , Tˆ). Thus, for v ∈ C∞(P,R) we can consider the following
v-weight
(56) W (k)v (ξ, ρ) := Tr
(
v
(
k−1A(k)ξ (0)
) · k−1A(k)ρ ) .
Definition 15. Let v ∈ C∞(P,R>0) and w ∈ C∞(P,R), and suppose that we have
the following asymptotic expansions on the central fiber (X0, L0)
W (k)w (ξ, ρ) =a
(0)
w (ξ, ρ)k
n +O(kn−1),
W (k)v (ξ, ρ) =a
(0)
v (ξ, ρ)k
n + a(1)v (ξ, ρ)k
n−1 +O(kn−2).
(57)
Then we define the (v,w)-Donaldson-Futaki invariant of the normal T-compatible po-
larized test configuration (X ,L) to be the number
(58) DFv,w(X ,L) := a(1)v (ξ, ρ)−
cv,w(L)
4
a(0)w (ξ, ρ),
where cv,w(L) is the (v,w)-slope of (X, 2πc1(L)) given by (8).
Using Lemma 14, we have the following
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Corollary 3. If (X ,L) is a T-compatible polarized test configuration with smooth cen-
tral fiber, then the expansions (57) hold, and
(2π)nW (k)w (ξ, ρ) =k
n
∫
X0
hρw(mΩ0)Ω
[n]
0 +O(kn−1),
(2π)nW (k)v (ξ, ρ) =k
n
∫
X0
hρv(mΩ0)Ω
[n]
0 +
kn−1
4
∫
X0
hρScalv(Ω0)Ω
[n]
0 +O(kn−2),
where hρ is the Ω-Hamiltonian of the generator Vρ of the action S
1
ρ on X0 with respect
to a G invariant Ka¨hler metric Ω ∈ 2πc1(L) and Ω0 := Ω|X0. In particular, the (v,w)-
Donaldson-Futaki invariant (58) of (X ,L) is given by
DFv,w(X ,L) = 1
4(2π)n
Fαv,w(Vρ),
where Fαv,w(Vρ) the Futaki invariant of the class α := 2πc1(L), introduced in Defini-
tion 8.
We deduce from Corollary 3 and Proposition 3
Corollary 4. If (X ,L) is a smooth T-compatible polarized test configuartion such that
π : X → P1 is a smooth submersion, then
DFv,w(X ,L) = 1
4(2π)n
Fv,w(X , 2πc1(L)),
where Fv,w(X , 2πc1(L)) is the (v,w)-Futaki invariant of the T-compatible Ka¨hler test
configuration (X , 2πc1(L)) introduced in Definition 11.
9. The (v,w)-Futaki invariant of a toric test configurations
In this section we consider the special case when X is a smooth toric variety i.e. T ⊂
Autred(X) with dimR T = dimCX = n. Let ω ∈ α be a fixed T-invariant Ka¨hler form,
mω : X → t∗ a corresponding momentum map, and P = mω(X) the corresponding
momentum polytope. By Delzant Theorem [25], (X,α) can be recovered from the
labelled integral Delzant polytope (P,L) where L = (Lj)j=1,d is the collection of non-
negative defining affine-linear functions for P, with dLj being primitive elements of
the lattice Λ of circle subgroups of T. We denote by P0 the interior of P and by
X0 := m−1ω (P0) the dense open set of X of points with principle T orbits. Let us
consider the momentum/angle coordinates (p, t) ∈ P0 × T with respect to the Ka¨hler
metric (g, J, ω). By a result of Guillemin (see [47])
g = 〈dp,Gu, dp〉+ 〈dt,Hu, dt〉,
Jdt = −〈Gu, dp〉,
ω = 〈dp ∧ dt〉,
(59)
on X0, where u is a smooth, strictly convex function called the symplectic potantial of
(ω, J), Gu : P0 → S2t is the Hessian of u, Hu : P0 → S2t∗ is its point-wise inverse
and 〈·, ·, ·〉 denote the contraction t∗ × S2t × t∗ → R or the dual one. Conversely if
u is a strictly convex smooth function on P0, (59) defines a Ka¨hler structure on X0
which extends to a global T-invariant Ka¨hler structure on X iff u satisfies the boundary
conditions of Abreu (see [2]). We denote by S(P,L) the set of smooth strictly convex
functions on P0 satisfying these boundary conditions. For u ∈ S(P,L), we have the
following expression for the scalar curvature of (g, J) (see [1]),
Scal(g) = −
n∑
i,j=1
Huij,ij,
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where Hu = (Huij) in a basis of t. Let v ∈ C∞(P,R>0). By the calculations in [6,
Section 3], the following expression for the v-scalar curvature of (g, J) is straightforward
(60) Scalv(g) = −
n∑
i,j=1
(
vHuij
)
,ij
.
We recall that by the maximality of T, any T-invariant Killing potential of (59) is the
pull-back by mω of an affine-linear function on P.
Lemma 15. Let v ∈ C∞(P,R>0) and w ∈ C∞(P,R). For any affine-lirear function f
on P, the (v,w)-Futaki invariant corresponding to the T-invariant Hamiltonian Killing
vector field ξ := df is given by
(61) (2π)−nFαv,w(ξ) = 2
∫
∂P
fvdσ − c(v,w)(α)
∫
P
fwdp,
where dp is a Lebesgue measure on t∗, dσ is the induced measure on each face Fi ⊂ ∂P
by letting dLi ∧ dσ = −dp and the constant c(v,w)(α) is given by
(62) c(v,w)(α) = 2
(∫
∂P vdσ∫
Pwdp
)
.
Proof. Let u ∈ S(P,L) and (g, J) be the corresponding ω-compatible Ka¨hler structure
X given by (59). The (v,w)-Futaki invariant of the Ka¨hler class α = [ω] is given by
Fαv,w(ξ) =
∫
X
Scalv(g)f(mω)ω
[n] − c(v,w)(α)
∫
X
f(mω)w(mω)ω
[n],
where f is an affine linear function on t∗ with ξ = df ∈ t. In the momentum-action
coordinates (p, t) ∈ P0 × T we have ω[n] = 〈dp ∧ dt〉[n] = dp1 ∧ dt1 ∧ · · · ∧ dpn ∧ dtn.
Then, using (60) and [6, Lemma 2], we get
(2π)−nFαv,w(ξ) =−
∫
P
( n∑
i,j=1
(
vHuij
)
,ij
)
fdp− c(v,w)(α)
∫
P
fwdp
=2
∫
∂P
fvdσ − c(v,w)(α)
∫
P
fwdp.
Similarly we deduce (62). 
For any f ∈ C0(P,R) we define
(63) FPv,w(f) := 2
∫
∂P
fvdσ − c(v,w)(α)
∫
P
fwdp.
Using again [6, Lemma 2] we obtain
(64) (2π)−n
∫
X
(Scalv(gu)− cv,w(α)w(mω))fω[n] = FPv,w(f)−
∫
P
(
n∑
i,j=1
H ijf,ij
)
vdp,
for any u ∈ S(P,L) and f ∈ C∞(P,R). It follows that
Lemma 16. [6, 36] If there exist u ∈ S(P,L) such that the corresponding ω-compatible
Ka¨hler structure (g, J) solves Scalv(g) = c(v,w)(α)w(mω) then FPv,w(f) ≥ 0 for any
smooth convex function f on P.
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9.1. Toric test configuration. We start by recalling the construction of toric test
configurations introduced by Donaldson in [36, Section 4]. Let (X,L) be a smooth
polarized toric manifold with integral momentum polytope P ⊂ t∗ ∼= Rn with respect
to the lattice Zn ⊂ Rn and
(65) f := max(f1, · · · , fr),
a convex piece-wise affine-linear function with integer coefficients, i.e. we assume that
each fj in (65) is an affine-linear function fj(p) := 〈vj , p〉+λj with vj ∈ Zn and λj ∈ Z.
We also assume that the polytope Q defined by
(66) Q = {(p, p′) ∈ P× R : 0 ≤ p′ ≤ R− f(p)},
has integral vertices in Zn+1, where R is an integer such that f ≤ R on P. By [36,
Proposition 4.1.1] there exist an (n + 1)-dimensional projective toric variety (XQ,G)
and a polarization LQ → XQ corresponding to the labelled integral Delzant polytope
Q ⊂ Rn+1 and the lattice Zn+1 ⊂ Rn+1. In general, XQ is a compact toric orbifold
(see [64]), but XQ can be smooth for a suitable choice of f . There is an embedding
ι : X →֒ XQ such that ι(X) is the pre-image of the face P = Q ∩
(
Rn × {0}) of
Q, and the restriction of LQ to ι(X) is isomorphic to L. Notice that by the Delzant
Theorem [25, 64] the stabilizer of ι(X) ⊂ XQ in G is S1ρ = S1(n+1), where S1(n+1) is
the (n + 1)-th factor of G = Rn+1/2πZn+1 so that G/S1ρ is identified with the torus
action T = Rn/2πZn on X. Furthermore, Donaldson shows in [36] that there exist a
C⋆-equivariant map π : XQ → P1 such that (XQ,S1ρ,LQ) is a T-compatible polarized
test configuration. We consider the Futaki-invariant Fv,w(XQ, 2πc1(LQ)) given by (28)
corresponding to (XQ, 2πc1(LQ)), and notice that it makes sense even when XQ is an
orbifold.
Proposition 4. Let f = max(f1, · · · , fr) be a convex piece-wise linear function on P,
with integer coefficients and XQ the toric test configuration constructed as above. Then
the (v,w)-Futaki invariant (28) of (XQ, 2πc1(LQ)) is given by
(67) Fv,w(XQ, 2πc1(LQ)) = (2π)n+1FPv,w(f),
where FPv,w(f) is the integral defined in (63). Furthermore, the (v,w)-Donaldson-Futaki
invariant (58) corresponding to (XQ,LQ) is well-defined, and is given by
(68) DFv,w(XQ,LQ) = 4FPv,w(f).
Proof. We start by proving the first claim (67). Let Ω ∈ 2πc1(LQ) be a G-invariant
Ka¨hler form on XQ and ω ∈ 2πc1(L) be the induced T-invariant Ka¨hler form on ι(X) ⊂
XQ. We have by Remark 6 (ii)
Fv,w(X , 2πc1(LQ)) =−
∫
X
(
Scalv(Ω)− c(v,w)(2πc1(L))w(mΩ)
)
Ω[n+1]
+ (8π)
∫
X
v(mω)ω
n.
(69)
Let (p, p′, t, t′) ∈ Q × T × S1ρ be the momentum/angular coordinates on X 0Q such that
(p, t) ∈ P× T are the momentum/angular coordinates on X0. Then,
(70) (8π)
∫
X
v(mω)ω
n = 4(2π)n+1
∫
P
v(p)dp.
and
(71)
∫
XQ
w(mΩ)Ω
[n+1] = (2π)n+1
∫
Q
w(p)dp ∧ dp′ = (2π)n+1
∫
P
w(p)(R− f(p))dp.
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For the remaining term in (69), using (64) we have
(2π)−(n+1)
∫
XQ
Scalv(Ω)Ω
[n+1] = 2
∫
∂Q
vdσQ
=2
∫
P
vdp+ 2
∫
(R−f)(P)
vdµ(R−f)(P) + 2
∫
∂P
(R − f)vdσP
=4
∫
P
vdp+ 2
∫
∂P
(R − f)vdσP,
(72)
where the measure dµ(R−f)(P) is defined by df ∧ dµ(R−f)(P) = dp ∧ dp′. Substituting
(70)–(72) into (69) yields
(2π)−(n+1)Fv,w(XQ, 2πc1(LQ)) =− 2
∫
∂P
(R − f)vdσP + cv,w(α)
∫
P
(R− f)wdp
=FPv,w(f).
Now we give the proof of the second claim (68). The central fiber X0 is the reduced
divisor on XQ associated to the preimage of the union of facets of Q corresponding to
the graph of R − f . By a well-known fact in toric geometry (see e.g. [36]) the set of
weights for the complexified torus Gc on H0(X ,LkQ) is kQ ∩ Zn+1. It thus follows that
the weights for the C⋆ρ-action on H
0(X0, L
k
0) are k(R− f)(kP) ∩ Z. We conclude that
W (k)v (ξ, ρ) =
∑
λ∈kP∩Zn
(R− f)
(λ
k
)
v
(λ
k
)
,
where W
(k)
v (ξ, ρ) is the v-weight defined by (56). By [49, 90], for any smooth function
Φ on t∗ and k large enough we have∑
λ∈kP∩Zn
Φ
(λ
k
)
= kn
∫
P
Φdp+
kn−2
2
∫
∂P
ΦdσP +O(kn−2).
Taking Φ := (R− f)v and using the above formula for any affine-linear piece of Φ, we
get
W (k)v (ξ, ρ) = k
n
∫
P
(R − f)vdp+ k
n−2
2
∫
∂P
(R− f)vdσP +O(kn−2).
Analogously, for W
(k)
w (ξ, ρ) we obtain
W (k)w (ξ, ρ) = k
n
∫
P
(R − f)wdp+O(kn−1).
Using (58), it follows that
DFv,w(XQ,LQ) = 4FPv,w(f).

Remark 8. Instead of a convex piece-wise affine-linear function f with integer coeffi-
cients we can take a convex piece-wise affine-linear functions with rational differentials,
i.e. assuming that each fj in (65) is of the form with fj(p) = 〈vj, p〉+λj with vj ∈ Qn.
The polytope Q such a function defines is not longer with rational vertices, but still
defines a toric Ka¨hler orbifold (XQ,AQ), see [64]. This gives rise to a toric Ka¨hler test
configuration compatible with T and the formula (67) in Proposition 4 computes the
corresponding (v,w)-Futaki invariant of (XQ,AQ).
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10. The (v,w)-Futaki invariant of rigid semisimple toric fibrations
This is the case relevant to the example (iv) from the Introduction. Following
[5], we consider X = V ×T K π−→ B to be the total space of a fibre-bundle asso-
ciated to a principle T-bundle K → B over the product B = ∏Nj=1(Bj , ωj, gj) of
compact cscK manifolds (Bj , ωj, gj) of complex dimension dj , satisfying the Hodge
condition [ωj/2π] ∈ H2(Bj ,Z), and a compact 2ℓ-dimensional toric Ka¨hler manifold
(V, ωV , gV , JV ,T) corresponding to a labelled Delzant polytope (P,L) in t
∗. We assume
that K is endowed with a connection 1-form θ ∈ Ω1(K, t) satisfying
dθ =
N∑
j=1
ξj ⊗ ωj, ξj ∈ t, j = 1, · · · , N.
and that the toric Ka¨hler metric (gV , ωV , JV ) on V is given by (59) for a symplectic
potential u ∈ S(P,L). As shown in [5], X admits a bundle-adapted Ka¨hler metric
(g, ω) which, on the open dense subset X0 = K × P0 ⊂ X, takes the form
g =
N∑
j=1
(
〈ξj , p〉+ cj
)
π∗gj + 〈dp,Gu, dp〉+ 〈θ,Hu,θ〉,
ω =
N∑
j=1
(
〈ξj , p〉+ cj
)
π∗ωj + 〈dp ∧ θ〉,
(73)
where p ∈ P0 and cj are real constants such that (〈ξj , p〉+ cj) > 0 on P. Such Ka¨hler
metrics, parametrized by u ∈ S(P,L) and the real constants cj , are referred to in [5]
as given by the generalized Calabi ansatz in reference to the well-known construction
of Calabi [17] of extremal Ka¨hler metrics on P1-bundles.
We notice that the Ka¨hler manifold (X,ω, g) is invariant under the T-action with
momentum map identified with p ∈ P. Furthermore, it is shown in [5, (7)] that the
scalar curvature of (73) is given by
Scal(g) =
N∑
j=1
Scalj
〈ξj , p〉+ cj −
1
u(p)
ℓ∑
r,s=1
∂2
∂pr∂ps
(
u(p)Hurs
)
=
N∑
j=1
Scalj
〈ξj , p〉+ cj +
1
u(p)
Scalu(gV ),
where we have put u(p) :=
∏N
j=1(〈ξj , p〉+ cj)dj and we have used (60) for passing from
the first line to the second. Similarly, by [5, equation (12)], the g-Laplacian of (the
pull-back to X) of a smooth function f(p) on P is given by
∆gf = − 1
u(p)
ℓ∑
r,s=1
∂
∂pr
(
u(p)
∂f
∂ps
Hurs
)
.
Using the above formulae, we check by a direct computation that for any positive
smooth function v on P we have
(74) Scalv(g) = v(p)
( N∑
j=1
Scalj
〈ξj, p〉+ cj
)
+
1
u(p)
Scaluv(gV )
Using that the volume form of (73) is
ω[n] = u(p)
( N∧
j=1
ω
[dj ]
j
)
∧ 〈dp ∧ θ〉[ℓ],
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and the integration by parts formula [6, Lemma 2], we compute that the (v,w)-Futaki
invariant on X acts on a vector field ξ ∈ t by
F [ω]v,w(ξ)
(2π)ℓ
(∏N
j=1Vol(Bj , [ωj ])
) =2∫
∂P
fvudσ +
∫
P
( N∑
j=1
Scalj
〈ξj , p〉+ cj
)
fvudp
− cv,w([ω])
∫
P
fwudp,
(75)
where f = 〈ξ, p〉+ λ is a Killing potential of ξ.
As in Section 9.1, we can construct a T-compatible smooth Ka¨hler test configuration
associated to X defined by a convex piece-wise linear function f = max(f1, · · · , fk)
on t∗ such that the polytope Q ⊂ Rℓ+1 given by (66) is Delzant with respect to the
the lattice Zℓ+1. Denote by (VQ,AQ) the corresponding smooth toric variety, and by
K = K × S1(ℓ+1) → B the principal Tℓ+1-bundle over B with trivial (ℓ+ 1)-factor, and
let X = V ×Tℓ+1 K → B be the resulting V-bundle over B. We can now consider a
Ka¨hler form Ω on X obtained by the generalized Calabi ansatz (73); as the connection
1-form on K has a curvature∑Nj=1 ξj⊗ωj with ξj ∈ t = Lie(Tℓ) ⊂ Lie(Tℓ+1), Ω induces
on the pre-image X ⊂ X of the facet P ⊂ Q a Ka¨hler form ω given by (73) with the
same affine linear functions (〈ξj , p〉+ cj). A similar computation to (75), performed on
the total space (XQ,Ω) by using Definition 11 (see also the proof of Lemma 15 above)
leads to the expression (75) for the (v,w)-Futaki invariant associated to (XQ,AQ) with
f being the piece-wise linear convex function defining Q.
Let us now suppose that X = P(O ⊕ L) π−→ B with B as above, where O stands for
the trivial holomorphic line bundle over B and L is a holomorphic line bundle of the
form L =⊗Nj=1Lj for Lj being the pull-back to B of a holomorphic line bundle over
Bj with c1(Lj) = ξj[ωj/2π], ξj ∈ Z. This is the so-called admissible setting (without
blow-downs) of [4], pioneered in [17] and studied in many works. In our setting above,
such an X is a P1-bundle obtained from the principle S1-bundle over B associated to
L−1. We can take P = [−1, 1] ⊂ R, and suppose that v(z) > 0 and w(z) are smooth
functions defined over [−1, 1]. A Ka¨hler metric (ω, g) on X of the form (73) can be
equivalently written as
g =
N∑
j=1
(ξjz + cj)π
∗gj +
dz2
Θ(z)
+ Θ(z)θ2
ω =
N∑
j=1
(ξjz + cj)π
∗ωj + dz ∧ θ, dθ =
N∑
j=1
ξjπ
∗ωj,
(76)
for positive affine-linear functions ξjz + cj on [−1, 1]. This is the more familiar Calabi
ansatz, written in terms of the profile function Θ(z) (see e.g. [50]) which must be
smooth on [−1, 1] and satisfy
(77) Θ(±1) = 0, Θ′(±1) = ∓2,
and
(78) Θ(z) > 0 on (−1, 1),
for (76) to define a smooth Ka¨hler metric on X. We let u(z) =
∏N
j=1(ξjz+ cj)
dj be the
corresponding polynomial in z.
We now take Q be the chopped rectangle with base P, corresponding to the convex
piece-wise affine linear function fz0(z) = max(z+1−z0, 1) where z0 ∈ (−1, 1) is a given
point. We can construct as above an S1-compatible Ka¨hler test configuration (XQ,AQ)
associated to (X, [ω],S1). It is not difficult to see that the complex manifold XQ is the
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degenaration to the normal cone with respect to the infinity section S∞ ⊂ X, see [73, 4]
but the Ka¨hler class AQ on XQ defines a polarization only for rational values of z0.
Formula (75) shows that the (v,w)-Futaki invariant of (XQ,AQ) is a positive multiple
of the quantity
F (z0) := 2
(
fz0(1)v(1)u(1) − fz0(−1)v(−1)u(−1)
)
+
∫ 1
−1
fz0(z)
(
v(z)u(z)
( N∑
j=1
Scalj
ξjz + cj
)
− cv,w([ω])w(z)u(z)
)
dz.
(79)
Let us now assume that there exists a smooth function Θ(z) on [−1, 1], which satisfies
(77) and
(80)
(
vuΘ
)′′
(z) = v(z)u(z)
( N∑
j=1
Scalj
ξjz + cj
)
− cv,w([ω])w(z)u(z).
Substituting in the RHS of (79) and integrating by parts over the intervals [−1, z0] and
[z0, 1] gives
(81) F (z0) = v(z0)u(z0)Θ(z0).
As v(z) and u(z) are positive functions on [−1, 1], we conclude that if (X, [ω],S1)
is (v,w)-K-stable on smooth S1-compatible Ka¨hler test configurations with reduced
central fibre, then Θ(z) must also satisfy (78). By the formula (74), the corresponding
Ka¨hler metric (76) will be then (v,w)-cscK.
The existence of a solution of (80) satisfying (77) is in general overdetermined. Fol-
lowing [7], in the case when w(z) > 0 on [−1, 1] one can resolve the over-determinacy
by introducing an affine-linear function wext(z) = A1z +A2, such that
(82)
(
vuΘ
)′′
(z) = v(z)u(z)
( N∑
j=1
Scalj
ξjz + cj
)
− w(z)wext(z)u(z)
admits a unique solution Θv,wext (z) satisfying (77): the coefficients A1 and A2, as well as
two constants of integration in (80), are then uniquely determined from the four bound-
ary conditions in (77). Furthermore, a straightforward generalization of [7, Lemma 2.4]
shows that wext(z) corresponds to the affine-linear function introduced in Section 3.2,
i.e. solutions of (82) introduce (v,wwext)-cscK metrics of Calabi type, which are equiv-
alently (v,w)-extremal. The methods of this article allow us to obtain the following
generalization of [7, Theorem 3].
Theorem 8. Let X = P(O⊕L)→ B be a projective P1-bundle as above, endowed with
the S1-action by multiplication on O, and α = [ω/2π] be the Ka¨hler class of a Ka¨hler
metric in the form (76). We let P = [−1, 1] be the momentum polytope of (X,α,S1),
v,w be smooth positive functions on [−1, 1] and Θv,wext (z) the unique solution of (82)
satisfying (77). Then,
• If (X,α,S1) is (v,wwext)-K-stable on S1-compatible smooth Ka¨hler test config-
urations with reduced central fibre, then Θv,wext (z) > 0 on (−1, 1) and α admits
a (v,w)-extremal Ka¨hler metric of the form (76) with Θ = Θv,wext .
• If (X,α,S1) admits a (v,w)-extremal Ka¨hler metric, then (X,α,S1) is (v,wwext)-
K-semistable on S1-compatible smooth Ka¨hler test configurations with reduced
central fibre, and Θv,wext (z) ≥ 0.
Proof. The first part follows from the identity (81) which shows that Θv,wext must satisfy
both (77) and (78). The second part follows from formula (81) and Theorem 2, if the
constants (c1, . . . , cN ) in (76) are rational as in this case the corresponding Ka¨hler class
α is rational. To treat the case when (c1, . . . , cN ) are not necessarily rational, we can
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use Theorem B.2 below (with fixed v,w and varying the constants cj). Accordingly, for
any rational constants (c˜1, . . . , c˜N ) sufficiently close to (c1, . . . , cN ) the corresponding
Ka¨hler class α˜ will admit a (v,w) extremal Ka¨hler metric, and hence the corresponding
function Θ˜v,wext (z) will be non-negative on (−1, 1) by virtue of Theorem 2. As Θv,wext (z)
depends smoothly on (c1, . . . , cN ), it follows that Θ
v,w
ext (z) ≥ 0 too. 
Remark 9. (i) As already mentioned in the Introduction, we expect that Theorem 2
can be improved by showing that the existence of (v,w)-cscK metric in α implies (v,w)-
K-stability, not only (v,w)-K-semi-stability. Accordingly, we expect Theorem 8 to be
improved to a complete Yau–Tian–Donaldson type correspondence between (v,wwext)-
K-stable and (v,w)-extremal Ka¨hler classes on X of the form (76), in which either
notion corresponds to the positivity condition (78) for Θv,wext (z).
(ii) In [7], the analogous statement of Theorem 8 is achieved by considering po-
larized test configuration (XQ,LQ) as above (corresponding to rational values of z0),
and computing the relative version of the algebraic (v,w)-Donaldson–Futaki invariant
DFv,w(XQ,LQ). This provides a yet another instance where the differential-geometric
definition coincides with the algebraic definition of the (v,w)-Futaki invariant.
Appendix A. The (v,w)-equivariant Bergman kernels and boundedness of
the (v,w)-Mabuchi energy
Let (X,L) be a polarized manifold, α = 2πc1(L) the corresponding Ka¨hler class, and
T ⊂ Aut(X,L) a real ℓ-dimensional torus with momentum polytope P as in Section
8.1. Let h be a T-invariant Hermitian metric on L with curvature 2-form ω ∈ α. We
identify the space of T-invariant Hermitian metrics hφ := e
−2φh with positive curvature
forms ωφ with the space KTω of T-invariant Ka¨hler potentials φ on X.
Let ξ := (ξ1, · · · , ξℓ) be a chosen basis of S1-generators of T andA(k)ξ := (A
(k)
ξ1
, . . . , A
(k)
ξℓ
)
the induced infinitesimal actions of ξi on the spaceHk given by (51). For v ∈ C∞(P,R>0)
we consider the following weighted L2-inner product on C∞(X,Lk)
(83) 〈s, s′〉v,kφ := kn
∫
X
(s, s′)kφv(mφ)ω
[n]
φ .
where (s, s′)kφ := hkφ(s, s
′). The operators (A(k)ξj )j=1,··· ,ℓ are Hermitian with respect to
〈·, ·〉v,kφ, with spectrum contained in the momentum polytope P (see lemma 13).
Definition A.1. [12, 80, 91] Let φ ∈ KTω, {si | i = 0, · · · , Nk} be a 〈·, ·〉v,kφ-orthonormal
basis of H and w ∈ C∞(P,R). Then the (v,w)-equivariant Bergman kernel of the
Hermitian metric hkφ on L
k, is the function defined on X by,
(84) Bw(v, kφ) := v(mφ)
Nk∑
i=0
(
w
(
k−1A(k)ξ
)
(si), si
)
kφ
.
where w
(
k−1A(k)ξ
)
is given by (52).
Equivalently, Bw(v, kφ) is the restriction to the diagonal {x = x′} ⊂ X ×X of the
Schwartz kernel of the operator w
(
k−1A(k)ξ
)
Πkφv , where Π
kφ
v : L2(X,Lk) → Hk denote
the orthogonal projection with respect to the inner product 〈·, ·〉v,kφ (see [91]).
Asymptotic expansions of (84) in k ≫ 1 are known to exist in many special cases,
see e.g. [12, 65, 80, 91]. We need the following general result, which follows essentially
from [19], with a ramification from [65].
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Proposition A.1. Let (T
(k)
j )j=1,··· ,ℓ be a family of 〈·, ·〉v,kφ-self adjoint commuting
Toeplitz operators, such that the set of joint eigenvalues of (T
(k)
j )j=1,ℓ is contained in
P. Suppose that the symbol of T
(k)
j , j = 1, · · · , ℓ is given by
σ(T
(k)
j ) :=
∑
i≥0
~if
(j)
i ∈ C∞(X)[[~]].
Then for any smooth function w with compact support containing P, the operator
w(T
(k)
1 , · · · , T (k)ℓ ) is a Toeplitz operator with symbol
σ(w(T
(k)
1 , · · · , T (k)ℓ )) = s0(v,w) + s1(v,w)~+O(~2),
where s0(v,w), s1(v,w) are given by
s0(v,w) =w(f
(1)
0 , · · · , f (ℓ)0 ),
s1(v,w) =w(f
(1)
0 , · · · , f (ℓ)0 )Sv(φ) +
ℓ∑
j=1
w,j(f
(1)
0 , · · · , f (ℓ)0 )(f (j)1 − f (j)0 Sv(φ))
+
1
4
ℓ∑
i,j=1
w,ij(f
(1)
0 , · · · , f (ℓ)0 )(df (i)0 , df (j)0 )φ,
with Sv(φ) :=
1
4
(
Scalφ + 2∆φ(log(v(mφ)))
)
.
Proof. In the case of one 〈·, ·〉v,kφ-self adjoint Toeplitz operator T (k) and a smooth func-
tion of one variable w, the fact that w(T (k)) is again a Toeplitz operator is established in
[19, Proposition 12]. The proof given in [19] relies on the Helffer-Sjostrand formula, see
e.g. [29, Theorem 8.1]. Using its multivariable generalization [29, Equation 8.18] the
proof in [19] readily generalizes to show that w(T
(k)
1 , · · · , T (k)ℓ ) is a Toeplitz operator
for any smooth function on P, and family of 〈·, ·〉v,kφ-self adjoint commuting Toeplitz
operators (T
(k)
j )j=1,··· ,ℓ such that the set of joint eigenvalues of (T
(k)
j )j=1,ℓ is contained
in P.
Following [19], one can define a map σ : T → C∞(X)[[~]] called the full symbol map
from the set T of Toeplitz operators, to the set of formal series C∞(X)[[~]], which we
introduce as follows. For a general Toeplitz operator T (k) ∈ T , the restriction to the
diagonal T (k)(x, x) of its Shwartz kernel admits an asymptotic expansion in C∞ of the
form,
(2π)nT (k)(x, x) =
∑
i
k−iai(x) +O(k−∞),
and the symbol of T (k) is given by the formal series
σ(T (k)) :=
∑
i
~iai(x).
The full symbol map σ is a morphism from the the algebra (T , ◦) with respect to the
composition ◦ of operators to the algebra (C∞(X)[[~]], ⋆v) endowed with an associative
product ⋆v called the star product(∑
j≥0
fj~
j
)
⋆v
(∑
j≥0
gj~
j
)
:=
∑
s≥0
( s∑
j=0
fj ⋆v gs−j
)
~s,
where the product f ⋆v g for two smooth functions is also an element of C
∞(X)[[~]]
which we define as follows.
We denote by Πkφv the 〈·, ·〉v,kφ-orthogonal projection on Hk with respect to the
weighted L2-inner product (83). Using [66, Theorem 0.2], for any f, g ∈ C∞(X,R), we
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have Πkφv fΠ
kφ
v gΠ
kφ
v ∈ T , and the restriction to the diagonal {x = x′} ⊂ X ×X of its
Schawrtz kernel admits a C∞-asymptotic expansion given by(
Πkφv fΠ
kφ
v gΠ
kφ
v
)
(x, x) = fg +
[1
2
(df, dg)φ − Sv(φ)fg
]
k−1 +O(k−2).
We then let
f ⋆v g := σ
(
Πkφv fΠ
kφ
v gΠ
kφ
v
)
= fg + ~
[
1
2
(df, dg)φ − Sv(φ)fg
]
+O(~2).
The star product considered in [19] is ⋆1 but the theory extends without difficulty for ar-
bitrary weight v, by our definition above. For instance, the unit 1⋆v of (C
∞(X)[[~]], ⋆v)
is identified with the symbol 1⋆v := σ(Π
kφ
v ). Let Π
kφ
v (x, x′) be the usual Bergman kernel
associated to the projection Πkφv , i.e.
(85) Πkφv (x, x) = v(mφ(x))
Nk∑
i=0
|si|2kφ (x).
We claim that (85) admits the following C∞-asymptotic expansion in k
(86) (2π)nΠkφv (x, x) = 1 +
1
k
Sv(φ) +O
(
1
k2
)
,
so that 1⋆v = 1+ ~Sv(φ)+O(~2). The expansion (86) follows from [65, Theorem 4.1.1]
by taking the twisting bundle E := X × C (in the notation of [65]) being the trivial
line bundle over X, endowed with Hermitian metric | · |E := v(mφ)| · |, where | · | is
the norm of C. According to [65, Theorem 4.1.1], (85) admits an asymptotic expansion
(86) with coefficient before k−1 being equal to
1
4
(Scalφ + 2ΛφFE) =
1
4
(
Scalφ + 2∆φ(log(v(mφ)))
)
= Sv(φ),
where FE = −ddc log(v(mφ)) is the curvature form of the Chern connection of (E, |·|E).
We shall now compute the symbol of the Toeplitz operator w(T
(k)
1 , · · · , T (k)ℓ ). Fol-
lowing [19], the full calculus of the symbol of w(T
(k)
1 , · · · , T (k)ℓ ) is given by the Taylor
series expansion of w at the point a := (f
(1)
0 (x), · · · , f (ℓ)0 (x)), aj := f (j)0 (x) as follows:
σ(w(T
(k)
1 , · · · , T (k)ℓ )) = w(a)1⋆v(x) +
ℓ∑
j=1
w,j(a)
∑
i≥0
~if
(j)
i (y)− aj1⋆v(y)

|y=x
+
1
2!
ℓ∑
p,q=1
w,pq(a)
∑
i≥0
~if
(p)
i (y)− ap1⋆v(y)
 ⋆v
∑
i≥0
~if
(q)
i (y)− aq1⋆v(y)

|y=x
+ · · ·
(87)
On the other hand, we compute(∑
i≥0
~if
(p)
i (y)− ap1⋆v(y)
)
⋆v
(∑
i≥0
~if
(q)
i (y)− aq1⋆v(y)
)
|y=x
=
(
(f
(p)
0 (y)− ap) + ~(f (p)1 (y)− Sv(y))
)
⋆v
(
(f
(q)
0 (y)− aq) + ~(f (q)1 (y)− Sv(y))
)
|y=x
+O(~2)
=(f
(p)
0 (y)− ap) ⋆v (f (q)0 (y)− aq)|y=x + ~(f (p)0 (x)− ap)(f (q)1 (x)− Sv(x))
+ ~(f
(q)
0 (x)− aq)(f (p)1 (x)− Sv(x)) +O(~2)
=
~
2
(df
(p)
0 , df
(q)
0 )φ +O(~2).
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Substituting back in (87), we obtain the claimed formula for the symbol σ(w(T
(k)
1 , · · · , T (k)ℓ ))
up to O(~2). 
Theorem A.1. Let w ∈ C∞(P,R). The (v,w)-equivariant Bergman kernel of the T-
invariant Hermitian metric hkφ on L
k admits an asymptotic expansion when k ≫ 1,
given by
(2π)nBw(v, kφ) =
{
w(mφ) +O( 1k ),
v(mφ) +
1
4kScalv(φ) +O( 1k2 ), if w = v.
.
Moreover, the above expansions holds in C∞, i.e. for any integer ℓ ≥ 0 there exist a
constant Cℓ(v,w) > 0 such that,
‖(2π)nBw(v, kφ)− w(mφ)‖Cℓ ≤
Cℓ(v,w)
k
,∥∥∥∥(2π)nBv(v, kφ) − v(mφ)− 14kScalv(φ)
∥∥∥∥
Cℓ
≤ Cℓ(v, v)
k2
.
Proof. Since the symbol map σ is surjective with kernel given by the ideal of negli-
gible Toeplitz operators O(k−∞) ∩ T (see [19, Proposition 3]), it suffices to calculate
σ
(
w
(
k−1A(k)ξ
)
Πkφv
)
. We consider the special case of self-adjoint Toeplitz operators
T
(k)
j := k
−1A(k)ξj Π
kφ
v . We have
T
(k)
j (x, x) = v(mφ)
Nk∑
i=0
(
k−1A(k)j si, si
)
kφ
.
By a straightforward calculation using (51) the symbol of T
(k)
j is given by
σ(T
(k)
j ) = m
ξj
φ +
[
m
ξj
φ Sv(φ)−
1
2
ℓ∑
i=1
(log ◦v),i(mφ)(ξi, ξj)φ
]
~+ · · ·
Using Proposition A.1 we get
σ(w(A
(k)
ξ )Π
kφ
v ) = s0(v,w) + s1(v,w)~ + · · ·
where
s0(v,w) =w(mφ),
s1(v, v) =v(mφ)Sv(φ)− 1
2
ℓ∑
i,j=1
v,i(mφ)v,j(mφ)
v(mφ)
(ξi, ξj)φ +
1
4
ℓ∑
i,j=1
v,ij(mφ)(ξi, ξj)φ.
Replacing Sv(φ) by its expression in Proposition A.1 we obtain s1(v, v) = Scalv(φ). 
A.1. The quantization maps. Let Wk denote the set of weights of the complexified
action of T, for λ
(k)
i ∈Wk. We consider the following direct sum decomposition of the
space BT(Hk) of T-invariant positive definite Hermitian forms on Hk,
BT(Hk) :=
⊕
λ
(k)
i ∈Wk
BT(H(λ(k)i )),
where BT(H(λ(k)i )) is the space of T-invariant positive definite Hermitian forms on
H(λ(k)i )
Definition A.2. Let v ∈ C∞(P,R>0), w ∈ C∞(P,R). We introduce the following
quantization maps:
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(i) The (v,w)-Hilbert map Hilbkv,w : KTω → BT(Hk) which associates to every T-
invariant Ka¨hler potential, the T-invariant Hermitian inner product on Hk,
given by
(
Hilbkv,w(φ)
)
(·, ·) :=
∑
λ
(k)
i ∈Wk
(〈·, ·〉v,kφ)|Hk(λ(k)i )
v(λ
(k)
i )−
c(v,w)(α)
4k w(λ
(k)
i )
,
where c(v,w)(α) is given by (8)
(ii) The (v,w)-Fubini–Study map FSkv,w : BT(Hk)→ KTω given by
FSkv,w(H) :=
1
2k
log
(
Nk∑
i=0
|si|2hk
)
− log(ck(v,w))
2k
,
where {si} is an adapted H-orthonormal basis of Hk and ck(v,w) is a constant
given by:
(88) ck(v,w) :=
1
kn
∫
X
v(mω)ω[n]
[
Wv(L
k)− c(v,w)(α)
4k
Ww(L
k)
]
,
with Wv(L
k) the v-weight of the action of T on Lk given by (53).
Theorem A.1 yields
Lemma A.1. For φ ∈ KTω, the Bergman kernel ρv,w(kφ) of Hilbv,w(kφ) satisfies
ρv,w(kφ) = Bv(v, kφ) −
c(v,w)(α)
4k
Bw(v, kφ),
and it has an asymptotic expansion,
(2π)nρv,w(kφ) = v(mφ) +
1
4k
(
Scalv(φ) − c(v,w)(α)w(mφ)
)
+O
(
1
k2
)
.
The above asymptotic expansion holds in C∞, i.e. for any integer ℓ ≥ 0 we have,∥∥∥∥(2π)nρv,w(kφ)− v(mφ)− 14k (Scalv(φ)− c(v,w)(α)w(mφ))
∥∥∥∥
Cℓ
≤ Cℓ(v,w)
k2
.
where Cℓ(v,w) > 0.
Following [35, 75, 88], we give the following definition
Definition A.3. We say that a metric φ ∈ KTω is (v,w)-balanced of order k if it satisfies:
FSkv,w ◦ Hilbkv,w(φ) = φ.
or equivalently
ρv,w(kφ) = ck(v,w)v(mφ),
where ck(v,w) is given by (88).
Similarly to [35] we have
Proposition A.2. Let (φj)j≥0 be a sequence in KTω such that every φj is a (v,w)-
balanced metric of order j and φj converge in C
∞ to φ. Then ωφ is (v,w)-cscK metric.
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A.2. Proof of Theorem 1. Here outline the proof of Theorem 1 from the Introduc-
tion, which follows from a straightforward extension of the arguments of [37, 55, 60, 75]
that has been given in the special cases (i), (ii), (iv). We start by defining the finite di-
mensional analogues of the (v,w)-Mabuchi energy defined on the spaces FSkv,w
(BT(Hk))
and BT(Hk) as follows,
Lkv,w := Ekv,w ◦Hilbkv,w + 2kn+1ck(v,w)Ev,
Zkv,w := 2k
n+1ck(v,w)Ev ◦ FSkv,w + Ekv,w,
(89)
where Ev is given by (15) and Ekv,w : BT(Hk)→ R is the function
Ekv,w(H) =
∑
λ
(k)
i ∈Wk
(
v(λ
(k)
i )−
c(v,w)(α)
4k
w(λ
(k)
i )
)
log
(
detH
λ
(k)
i
)
.
Using Lemma A.1 one can show that
lim
k→∞
[ 2
kn
Lkv,w + bk
]
=Mv,w,
lim
k→∞
k−n
[
Lkv,w(φ)− Zkv,w ◦Hilbkv,w(φ)
]
= 0,
(90)
where the convergence holds in the C∞-sense. Suppose that KTω contains a (v,w)-cscK
metric φ∗ ∈ KTω. One can show as in [60, 75, 55] that the metrics Hilbkv,w(φ∗) are almost
balanced in the sense that there exists a smooth function εφ(k), such that lim
k→∞
εφ(k) = 0
in Cℓ(X,R) and,
(91) k−nZkv,w ◦Hilbkv,w(φ) ≥ k−nZkv,w ◦Hilbkv,w(φ∗) + εφ(k).
for all φ ∈ KTω. Using (90) and (91) the proof is identical to the one of [75, Theorem
3.4.1].
A.3. Proof of Corollary 1. This is a direct consequence of Lemma 6 and Theorem 1.
Appendix B. The structure of the automorphism group and stability of
the (v,w)-cscK metrics under deformations
The following result follows from straightforward calculations along the lines of [45,
Section 2.5] and is left to the reader.
Lemma B.1. [45, 54] Let (X,α,T) be a compact Ka¨hler manifold with Ka¨hler class
α and T ⊂ Autred(X) a real torus with P the T-momentum image of X. Suppose that
v,w ∈ C∞(P,R>0) are positive smooth functions on P. Then we have,
(i) For any T-invariant Ka¨hler metric ω ∈ α and any variation φ˙ ∈ TφKTω we have
(92) δ
(Scalv(ω)
w(mω)
)
(φ˙) = −2Lωv,w(φ˙) + dcφ˙(Ξv,w),
where Ξv,w := Jgradg
(
Scalv(ω)
w(mω)
)
and Lωv,w is the elliptic fourth order differential
operator given by
Lωv,wφ˙ =
δδ
(
v(mω)(D
−d)φ˙
)
w(mω)
,
D is the Levi-Civita connection of ω and D−(dφ˙) is the J-anti-invariant part
of the tensor D(dφ˙).
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(ii) For any f ∈ C∞(X,R)T we have
LΞv,wf =
−2δδ(v(mω)(D−dc)f)
w(mω)
.
(iii) The operator Lv,w acting on C
∞(X,C)T admits a decomposition Lv,w = L+v,w+
L−v,w with L±v,w := Lv,w ±
√−1
2 LΞv,w .
(iv) Let V = gradg(h) + Jgradg(f) with h, f ∈ C∞(X,R)T. Then V ∈ hTred if and
only if L+v,w(h+ if) = 0.
The next Theorem is established using Lemma B.1 and the same arguments as in
the proof of [45, Theorem 3.4.1] and [44].
Theorem B.1. [44, 54] If X admits a (v,w)-extremal Ka¨hler metric with v,w ∈
C∞(P,R>0). Then the complex Lie algebra of T-equivariant automorphisms of X ad-
mits the following decomposition
(93) hT =
(
a⊕ kTham ⊕ JkTham
)⊕(⊕
λ>0
hT(λ)
)
,
where a is the abelian Lie algebra of parallel vector fields, kTham is the real Lie algebra
of T-equivariant Hamiltonian isometries of X and hT(λ), λ > 0 denote the subspace of
elements V ∈ hT such that LΞv,wV = λJV . Moreover, the Lie algebra of T-equivariant
isometries of X admits the following decomposition
(94) kT = a⊕ kTham.
Using Theorem B.1 and the arguments in the proof of [45, Theorem 3.5.1] we get
the following generalization of the structure theorem for the group of holomorphic
automorphisms of a (v,w)-extremal Ka¨hler manifold.
Corollary B.1. [17, 44, 54] Let (X,ω, g) be a compact (v,w)-extremal Ka¨hler manifold
ω with v,w ∈ C∞(P,R>0). Then the group IsomT0 (X, g) of T-equivariant isometries
of X is a maximal compact connected subgroup of the identity component of the T-
equivariant automorphisms AutT0 (X) of X. In particular, (g, ω) is invariant under the
action of a maximal torus Tmax in Autred(X). Furthermore, if (g, ω) is (v,w)-cscK,
then AutT0 (X) is a reductive complex Lie group.
Now we consider the stability of the (v,w)-extremal metrics under deformations of
the Ka¨hler class α and the weight functions v,w ∈ C∞(P,R>0).
Let X be a compact Ka¨hler manifold, α a Ka¨hler class, Tmax ⊂ Autred(X) a maximal
torus and Pα ⊂ t∗ a momentum polytope for α as in Lemma 1. Let β ∈ H1,1(X) and U
an open subset of t∗ with Pα ⊂ U . Then there exist a > 0 such that for any |r| < a we
can choose Pα+rβ ⊂ U to be the momentum polytope of Tmax with respect to α+ rβ.
With these choices, we now suppose that v,w are positive smooth functions on U and
v˜, w˜ are arbitrary smooth functions on U . We then have
Theorem B.2. Suppose that ω ∈ α is a Tmax-invariant (v,w)-extremal Ka¨hler metric
associated to (Pα, v,w). Then there exist ε > 0, such that for any |s| < ε, |t| < ε,
|r| < ε, there exists a (v + tv˜,w + sw˜)-extremal Ka¨hler metric in the Ka¨hler class
α+ rβ, associated to (v + tv˜,w + sw˜) and Pα+rβ ⊂ U .
The proof follows the lines of that for LeBrun–Simanca stability theorem in [59] (see
also [40]).
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